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Abstract
The aim of this paper is to introduce and justify a possible generalization of the classic Bach field
equations on a four dimensional smooth manifold M in presence of field ϕ, that in this context is
given by a smooth map with source M and target another Riemannian manifold. Those equations
are characterized by the vanishing of a two times covariant, symmetric, traceless and conformally
invariant tensor field, called ϕ-Bach tensor, that in absence of the field ϕ reduces to the classic Bach
tensor. We provide a variational characterization for ϕ-Bach flat manifolds and we do the same
also for harmonic-Einstein manifolds, i.e., solutions of the Einstein field equations with source the
conservative field ϕ. We take the opportunity to discuss a generalization of some related topics:
the Yamabe problem, the image of the scalar curvature map, warped product solutions and static
manifolds.
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1 Introduction
The Einstein field equations on a four dimensional Lorentzian manifolds (M, g) are given by
G+ Λg = αT,
where
• G is the Einstein tensor of (M, g), that is,
G := Ric−
S
2
g,
where Ric and S denote, respectively, the Ricci and the scalar curvature of (M, g);
∗
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• T is the stress-energy tensor, a symmetric two times covariant tensor, supposed to represent the
density of all the energies, momenta and stresses of the sources, that has to be divergence free in
order to satisfy the conservation laws, also called equations of motion (geometrically, the fact that
T is divergence free follows from the fact that the Einstein tensor is divergence free, since Schur’s
identity holds).
• Λ ∈ R is the cosmological constant;
• α is the positive constant given by
α =
8piG
c4
, (1.1)
where G is Newton’s gravitational constant and c is the speed of light in vacuum.
The study of solutions of the Einstein field equations in vacuum, i.e.,
G+ Λg = 0, (1.2)
led to the definition of Einstein manifolds and, when the cosmological constant is not included, of Ricci
flat manifolds. Those definitions have been easily extended to smooth manifolds of any dimension m ≥ 2
endowed with any semi-Riemannian (mostly, Riemannian) metric and, at least for mathematicians, they
are geometrical objects of great interest and we refer to [B] for an overview on the topic. We just mention
that Einstein manifolds of dimension m ≥ 3 are characterized by the vanishing of the traceless part of
the Ricci tensor and, as a consequence of Schur’s identity (the Einstein tensor G is divergence free), their
scalar curvature S is (locally) constant onM . Going back to solutions of (1.2) the cosmological constant
Λ is given by a constant positive multiple of the scalar curvature.
Almost all the equations of mathematical physics admit a variational characterization and the Einstein
equations are not an exception. For simplicity, consider a closed and orientable smooth manifold M of
dimension m ≥ 3 and denote byM the set of all the Riemannian metrics onM . LetM1 be the subset of
M of metrics of total volume equal to 1. The functional of total scalar curvature S :M→ R, introduced
by D. Hilbert, is given by, for every g ∈ M,
S(g) :=
ˆ
M
Sgµg,
where Sg and µg are, respectively, the scalar curvature and the volume form of (M, g). Critical metrics
of S on M coincide with Ricci flat metrics on M while critical metrics of S on M1 (or equivalently,
critical metrics of the normalized total scalar curvature onM) coincide with Einstein metrics onM . For
the details see [B] or [S].
Since Einstein metrics have constant scalar curvature one may ask weather or not also the largest
class of metrics with constant scalar curvature admit a variational characterization. The answer is yes,
a metric g ∈ M has constant scalar curvature if and only if is a critical point of S in [g] ∩M1 (see
Proposition 4.25 of [B]). This led naturally to the study of the famous Yamabe problem, that consists in
finding pointwise conformal metrics with constant scalar curvature on a Riemannian manifold. We refer
to [LP] for a detailed proof of its solution.
Another interesting feature of the scalar curvature is that we are able to characterize its image when
we look at it as a map g ∈ M 7→ Sg, see [FM] or Section 4.E of [B] for an overview. The key step is
to prove the surjectivity of its linearization at g ∈ M, or equivalently, the injectivity of its adjoint. We
have that if u belongs to kernel of the adjoint map then either (M, g) is Ricci flat (and in this case u is
constant) or the product M ×R, endowed with the metric g− u2dt⊗ dt, where t is the coordinate on R,
is an Einstein manifold outside the zero locus of u, where it degenerates. In the latter case, if (M, g) is a
three-dimensional Riemannian manifold, then the Lorentzian warped product M ×u R is a static space-
time (i.e., it admits a timelike and irrotational Killing vector field) that solves the vacuum Einstein field
equations. In [C], J. Corvino studied the same problem for complete non-compact Riemannian manifolds.
In some circumstances one may be interested in field equations for the metric g on M that are con-
formal invariant, meaning that if g is a solution then every metric that is pointwise conformal equivalent
to g, i.e., every metric in the conformal equivalence class [g], is a solution too. A disadvantage of the
2
Einstein field equations and, consequently of Einstein manifolds, is that they are not, in general, con-
formally invariant. Although it is possible to study conformally Einstein manifolds, that are given by
semi-Riemannian manifolds that after a pointwise conformal change of metric are Einstein manifolds, in
this work we are more interested to a different approach. A century ago, in [Ba], R. Bach introduced a
two times covariant symmetric tensor B on a semi-Riemannian manifold (M, g), nowadays called Bach
tensor. The Bach tensor has some particular properties: it is traceless, quadratic in the Riemann tensor
and, furthermore, for four dimensional manifolds it is conformally invariant and divergence free. The
Bach field equations in vacuum for a four dimensional Lorentzian manifold (M, g) are given by
B = 0, (1.3)
they are the conformally invariant counterpart of (1.2) (since B is traceless we cannot have a cosmological
constant). Einstein and conformally-Einstein manifolds solves the Bach equations, hence they admits
more solutions than Einstein equations, even with non-constant scalar curvature. Bach flat Riemannian
metrics on a four dimensional closed orientable smooth manifold M admit the following variational
characterization: they are critical points of the functional
B :M→ R, B(g) :=
ˆ
M
|Wg|
2
gµg, (1.4)
where Wg is the Weyl tensor of (M, g), the “conformal invariant part of the Riemann tensor”. Since the
(1, 3) version of the Weyl tensor is a conformal invariant tensor it is easy to realize that the functional B
is conformal invariant, i.e., B(g˜) = B(g) for every g˜ ∈ [g]. This provide an easy way to see that the Bach
tensor, the gradient of B, is a conformal invariant tensor for four dimensional manifolds, at least when
they are closed, oriented and Riemannian.
We now leave the vacuum case, coming to the description of our contribution. One of the easiest
way to allow the presence of energy and matter is to consider the presence of a field ϕ. More precisely:
let (M, g) be a four dimensional Lorentzian manifold and ϕ : M → N a smooth map, where the target
(N, η) is a Riemannian manifold. To the field ϕ we can associate a energy-stress tensor T = Tϕ, as P.
Baird and J. Eells did in [BaE] (see (2.21) for its definition). In order to be an admissible energy-stress
tensor it must satisfy the conservation laws. A computation shows that in case ϕ is a wave map (i.e., a
harmonic map with source a Lorentzian manifold) then Tϕ satisfies the conservation laws, compare with
Remark 5.27. The converse implication holds, that is, a smooth map that satisfies the conservation laws
is harmonic, providing that ϕ is a submersion a.e., although is not true in general.
Now the Einstein fields equations for the four dimensional Lorentzian manifold (M, g) when the
presence of field and matter is described by the wave map ϕ takes the form
G+ Λg = αTϕ, (1.5)
where G is the Einstein tensor of (M, g), α is given by (1.1) and Λ ∈ R is the cosmological constant.
Now, as did for the vacuum case, we can forget that (M, g) is a four dimensional manifold and that
α is given by (1.1) and study semi-Riemannian manifolds (M, g) of dimension m ≥ 3 satisfying (1.5) for
some Λ, α ∈ R and a wave map ϕ : M → N , where the target (N, η) is a Riemannian manifold. We
call them harmonic-Einstein manifolds (with respect to ϕ and α), see Definition 2.46. Those class of
semi-Riemannian manifold includes the Einstein manifolds and, in dimension m ≥ 3, also its elements
are characterized by the vanishing of the traceless part of a symmetric two times covariant tensor (see
Proposition 2.51). This tensor, that plays the role of Ricci’s tensor for harmonic-Einstein manifolds, is
the ϕ-Ricci tensor, given by
Ricϕ := Ric− αϕ∗η
and first used by R. Mu¨ller in [M] when dealing with the Ricci-harmonic flow, a combination of the Ricci
flow with the heat flow of a smooth map. Notice that in order to define the ϕ-Ricci tensor we need a
semi-Riemannian metric g, a smooth map ϕ and a constant α. The trace of the ϕ-Ricci tensor is called
ϕ-scalar curvature and it is given by Sϕ = S−α|dϕ|2, where |dϕ|2 = tr(ϕ∗η) is the Hilbert-Schmdit norm
of the differential of ϕ. The generalized Schur’s identity (2.22) gives that harmonic-Einstein manifolds
of dimension m ≥ 3 have constant ϕ-scalar curvature and the one with vanishing ϕ-scalar curvature are
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called ϕ-Ricci flat manifolds. Going back to (1.5), the cosmological constant Λ is a constant positive
multiple of the ϕ-scalar curvature.
The similarities between the theory of harmonic-Einstein manifolds and the classical theory of Einstein
manifolds are not over. Harmonic-Einstein manifolds admits a variational characterization too. Let M
be a closed and oriented smooth manifold of dimension m ≥ 3 and (N, η) be a fixed target Riemannian
manifold. We denote by F the set of all the smooth maps ϕ :M → N . Moreover, fix α ∈ R \ {0}. Then
harmonic-Einstein structures on M , with respect to α ∈ R, are critical points of the functional of total
ϕ-scalar curvature
S :M1 ×F → R, S(g, ϕ) :=
ˆ
M
Sϕg µg.
Considering critical points of S onM×R we obtain ϕ-Ricci flat manifolds. Those results are stated and
proved in Section 5.2, where we also discuss the what happens for surfaces, see Remark 5.46.
Considering, for a fixed ϕ ∈ F , the restriction of the total ϕ-scalar curvature to M1 ∩ [g] its critical
points are given by Riemannian metrics of constant ϕ-scalar curvature, see Proposition 5.59. This led
us to formulate the ϕ-Yamabe problem: on a compact Riemannian manifold (M, g) of dimension m ≥ 3
there exists g˜ ∈ [g] such that Sϕg˜ is constant? In Section 5.3 we just give the definition of the ϕ-Yamabe
constant, the first step in the solution of this problem. We expect the solution of the ϕ-Yamabe problem
to be very similar and very close to the one of the classic Yamabe problem but we postpone it to some
future work.
Proceeding with the similarities, in Section 5.1 we study the adjoint of the linearization of the ϕ-scalar
curvature map (g, ϕ) ∈ M×F 7→ Sϕg on a smooth manifold M . We show that a function u belongs to
its kernel if either (M, g) is ϕ-Ricci flat (and in this case u is constant) or the product M ×R, endowed
with the metric g − u2dt ⊗ dt is a harmonic-Einstein manifold with respect to the extension ϕ¯ of ϕ to
M × R, outside the zero locus of u, where it degenerates (see Proposition 5.33). This is the first step
in the study of the image of the ϕ-scalar curvature map, that we also postpone to some future work.
Section 4 is devoted to the study harmonic-Einstein manifolds that arise as semi-Riemannian warped
product metric with respect to the lifting ϕ¯ of a smooth map ϕ with source the base of the warped
product, see Theorem 4.27. An interesting example of the above situation is given ϕ-static harmonic-
Einstein manifold, a concept related to the one of static spacetime: see Definition 4.36 and the remarks
below.
Finally, we now come to conformal invariant theories in presence of the field ϕ. At this point the
definition of conformally harmonic-Einstein is straightforward: we refer to [A] for it and for results on
regarding those manifolds. In this article we do not want to focus on them, instead we are interested
in a theory similar to the one of R. Bach mentioned above. To obtain this goal we need to define on
a semi-Riemannian manifold (M, g) endowed with a smooth map ϕ a two times covariant symmetric
tensor that, at least for four dimensional Lorentzian manifolds, is conformally invariant and that when
ϕ is constant reduces to the Bach tensor B. This tensor, that appears for the first time in [A], is the
ϕ-Bach tensor Bϕ, see Section 2.2 for its definition. The proof of its conformal invariance is contained
in Corollary 3.44 and it is the main result of Section 3. Furthermore, the ϕ-Bach tensor is traceless for
four dimensional manifolds (for higher dimensions see (2.28)) and, analogously to the ϕ-Ricci tensor, it
depends on a scale factor α ∈ R. The equation
Bϕ = 0
seems a natural generalization of (1.3), indeed four dimensional harmonic-Einstein and conformally
harmonic-Einstein manifolds are solutions of the above.
To justify that the above equation is indeed the generalization of the Bach field equation in the
presence of the field ϕ the only thing that remains is to provide a variational characterization. In
Section 2.1, where we briefly recall the definitions and the properties of the ϕ-curvatures (whose detailed
proof is contained in [A]), one may find the definition of the ϕ-Weyl tensor Wϕ, i.e., a generalization of
the Weyl tensor in presence of the field ϕ. Assuming that the ϕ-Weyl tensor is the ‘right”generalization
of the Weyl tensor, one may think that ϕ-Bach flat Riemannian metrics on a four dimensional closed
orientable smooth manifold M are critical points of the functional
M×F → R, (g, ϕ) 7→
ˆ
M
|Wϕg |
2
gµg.
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This is not true: the appropriate functional is given by
B :M×F → R, B(g, ϕ) =
ˆ
M
(
S2(A
ϕ
g )−
α
2
|τg(ϕ)|2
)
µg, (1.6)
where τg(ϕ) denotes the tension field of ϕ and S2(A
ϕ
g ) denotes the second elementary symmetric poly-
nomial in the eigenvalues of Aϕg , the ϕ-Schouten tensor of (M, g) (see Section 2.1 for the definition of the
ϕ-Schouten tensor and Remark 5.75 the one of S2(Aϕg )). By choosing as ϕ any constant map, for every
g ∈M the above yields
B(g, ϕ) =
ˆ
M
S2(Ag)µg
and, in view of the Chern-Gauss-Bonnet formula for four dimensional manifolds, its critical points are
the ones of the standard functional (1.4).
The aim of Section 5.4 is to prove Theorem 5.78: on a four dimensional closed and orientable manifold
M the pair (g, ϕ) is critical for B if and only if the ϕ-Bach tensor together with another tensor, denoted
by J , vanish. The tensor J , defined in (2.39), is strictly connected to the bi-tension of ϕ (we can say, in a
certain sense, that is a conformal invariant bi-tension for four dimensional manifold). The fact that the
equation Bϕ = 0 is coupled with another one, involving the map ϕ, is not a surprise: the same happens
for harmonic-Einstein manifolds where the equation for G+Λg = αTϕ is coupled with τ(ϕ) = 0. Instead,
the surprising fact is that J is strictly related to the divergence of ϕ-Bach and when ϕ is a submersion
a.e. the vanishing of J is equivalent to the vanishing of div(Bϕ), see Remark 2.38. Since in the definition
(1.6) the total bi-energy of the map ϕ, that is,
Eg2 (ϕ) =
1
2
ˆ
M
|τg(ϕ)|µg,
is involved, the tensor J is related to the bi-tension of ϕ.
2 Conventions, notations and preliminaries
Let M be a smooth, connected manifold without boundary and of dimension m ≥ 2. Let g be a pseudo-
Riemannian metric on M and ∇ the Levi-Civita connection of (M, g). For the Riemann tensor Riem of
(M, g) we use the sign conventions
R(X,Y )Z = ∇X(∇Y Z)−∇Y (∇XZ)−∇[X,Y ]Z for every X,Y, Z ∈ X(M),
where X(M) is the C∞(M)-module of vector fields on M and [ , ] denotes the Lie bracket, and
Riem(W,Z,X, Y ) = g(R(X,Y )Z,W ) for every X,Y, Z,W ∈ X(M).
Let (N, η) be a Riemannian manifold of dimension n and ϕ :M → N a smooth map.
In order to carry on computations we will mostly use (with some exception in Section 5) the moving
frame formalism introduced by E. Cartan. For a crash course in the Riemannian case see Chapter 1 of
[AMR] while for the semi-Riemannian case we refer to Chapter 5 of [CCL].
We fix the indexes ranges
1 ≤ i, j, k, t, . . . ≤ m, 1 ≤ a, b, c, d . . . ≤ n
and from now on we adopt the Einstein summation convention over repeated indexes. In a neighborhood
of each point of M we can write
g = ηijθ
i ⊗ θj
where {θi} is a local g-orthonormal coframe and
ηij =

0 if i 6= j
1 if i = j ≤ k
−1 if i = j > k,
(2.1)
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where the signature of the metric is (k,m − k). When g is a Riemannian metric then ηij = δij , the
Kronecker delta. Denoting by {ei} the local frame dual to {θ
i} it is easy to see that {ei} is a local
g-orthonormal frame, i.e., g(ei, ej) = ηij .
The Levi-Civita connection forms {θij} are characterized by the validity of the first structure equations
dθi + θij ∧ θ
j = 0 (2.2)
and by the relation
ηikθ
k
j + ηkjθ
k
i = 0. (2.3)
In the following we will use the metric to raise and lower the indexes, for instance
θi := ηijθ
j , θij := ηikθ
k
j .
Then the relation (2.3) is equivalent to the skew-symmetry
θij + θji = 0. (2.4)
The curvature forms {Θij} are given by
Θij =
1
2
Rijktθ
k ∧ θt, (2.5)
where Rijkt are the components of the (0, 4)-version of the Riemann tensor Riem of (M, g),
Riem = Rijktθ
i ⊗ θj ⊗ θk ⊗ θt,
and they satisfy the second structure equations
Θji = dθ
j
i + θki ∧ θ
kj ,
where we denoted
θij := ηjkθik, θij = ηikθ
k
j .
The symmetries of the Riemann tensor are given by
Rijkt +Rijtk = 0, Rijkt +Rjikt = 0, Rijkt = Rktij ,
while the first Bianchi identity is reads
Rijkt +Riktj +Ritjk = 0
and finally the second Bianchi identity is expressed as
Rijkt,l + Rijtl,k +Rijlk,t = 0,
where, for an arbitrary tensor field T of type (r, s)
T = T i1...irj1...js θ
j1 ⊗ . . .⊗ θjs ⊗ ei1 ⊗ . . .⊗ eir ,
its covariant derivative is defined as the tensor field of type (r, s+ 1)
∇T = T i1...irj1...js,kθ
k ⊗ θj1 ⊗ . . .⊗ θjs ⊗ ei1 ⊗ . . .⊗ eir ,
where the following relation holds
T i1...irj1...js,kθ
k = dT i1...irj1...js −
s∑
t=1
T i1...irj1...jt−1hjt+1...jsθ
h
jt
+
r∑
t=1
T
i1...it−1hit+1...ir
j1...js
θith .
It is possible to prove that the following commutation relation holds
T i1...irj1...js,kt = T
i1...ir
j1...js,tk
+
s∑
t=1
RhjtktT
i1...ir
j1...jt−1hjt+1...js
−
r∑
t=1
RithktT
i1...it−1hit+1...ir
j1...js
. (2.6)
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The Ricci tensor Ricg = Ric of (M, g) is given by the trace of the Riemann tensor. In a local
g-orthonormal coframe {θi}
Ric = Rijθ
i ⊗ θj , Rij = η
tkRtikj . (2.7)
The scalar curvature S of (M, g), denoted also by Sg, is given by the trace of the Ricci tensor, locally
S = ηijRij .
The Riemannian volume element of (M, g) is locally given by
µ = θ1 ∧ . . . ∧ θm. (2.8)
Let {Ea}, {ω
a}, {ωab }, {Ω
a
b} be a orthonormal frame, coframe, the respectively Levi-Civita connection
forms and curvature forms on an open subset V on N such that ϕ−1(V) ⊆ U . We set
ϕ∗ωa = ϕai θ
i
so that the differential dϕ of ϕ, a 1-form onM with values in the pullback bundle ϕ−1TN , can be written
as
dϕ = ϕai θ
i ⊗ Ea.
The energy density e(ϕ), or eg(ϕ), of the map ϕ is given by
e(ϕ) =
1
2
|dϕ|2, (2.9)
where |dϕ|2 = tr(ϕ∗η) is the square of the Hilbert-Schmidt norm of dϕ. The generalized second funda-
mental tensor of the map ϕ is given by ∇dϕ, locally
∇dϕ = ϕaijθ
j ⊗ θi ⊗ Ea,
where its coefficient are defined according to the rule
ϕaijθ
j = dϕai − ϕ
a
kθ
k
i + ϕ
b
iω
a
b .
The tension field τ(ϕ), or τg(ϕ), of the map ϕ is the section of ϕ−1TN defined by
τ(ϕ) = tr(∇dϕ), (2.10)
locally
τ(ϕ)a = ηijϕaij .
The bi-energy density e2(ϕ), or e
g
2(ϕ), of the map ϕ is defined as
e2(ϕ) =
1
2
|τ(ϕ)|2, (2.11)
and the bi-tension field τ2(ϕ), or τ
g
2 (ϕ), of the map ϕ is the section of ϕ
−1TN locally given by
τ2(ϕ)
a = ϕaiijj −
NRabcdϕ
b
iϕ
c
iϕ
d
jj . (2.12)
Once again, it is possible to prove
ϕai1...irjk = ϕ
a
i1...irkj
+
r∑
p=1
Rtipjkϕ
a
i1 ...ip−1tip+1...ir
− NRabcdϕ
b
i1...ir
ϕcjϕ
d
k.
In particular
ϕaijk = ϕ
a
ikj +R
t
ijkϕ
a
t −
NRabcdϕ
b
iϕ
c
jϕ
d
k (2.13)
and
ϕaijkt = ϕ
a
ijtk +R
s
iktϕ
a
sj +R
s
jktϕ
a
is −
NRabcdϕ
b
ijϕ
c
kϕ
d
t (2.14)
hold.
We denote by ∆ the Laplace-Beltrami operator acting on functions u : M → R, defined as ∆u =
tr(Hess(u)), where Hess(u) = uijθ
i ⊗ θj , that is, ∆u = ηijuij . Furthermore, if A is a symmetric two
times covariant tensor on (M, g) we set
A˚ := A−
tr(A)
m
g
and the symmetric two times covariant tensors A2 and ∆A are locally given by
A2ij = η
ktAikAkt, ∆Aij = η
ktAij,kt.
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2.1 ϕ-Curvatures
Let (M, g) be a semi-Riemannian manifold of dimension m ≥ 2, (N, η) a Riemannian manifold and
α ∈ R \ {0}. In this section we recall the definition of ϕ-curvatures and we state their properties that
shall be useful later on. Their proofs in the Riemannian setting are contained in Section 1.2 of [A]. Those
proofs can be easily extended to the semi-Riemannian setting.
The ϕ-Ricci tensor is defined as
Ricϕg ≡ Ric
ϕ := Ric− αϕ∗η (2.15)
and the ϕ-scalar curvature is given by its trace:
Sϕg ≡ S
ϕ := tr(Ricϕ). (2.16)
Starting from them the we define ϕ-Schouten tensor
Aϕg ≡ A
ϕ := Ricϕ −
Sϕ
2(m− 1)
g. (2.17)
The ϕ-Cotton tensor measures the failure of the commutation of the covariant derivatives of the ϕ-
Schouten tensor and in global notation is given by
Cϕg (X,Y, Z) ≡ C
ϕ(X,Y, Z) := ∇ZA
ϕ(X,Y )−∇Y A
ϕ(X,Z) for every X,Y, Z ∈ X(M). (2.18)
In moving frame notation
Cϕijk = A
ϕ
ij,k −A
ϕ
ik,j
Clearly the ϕ-Cotton tensor is skew-symmetric in the last two entries and satisfies the following Bianchi
identity
Cϕ(X,Y, Z) + Cϕ(Y, Z,X) + Cϕ(Z,X, Y ) = 0 for every X,Y, Z ∈ X(M). (2.19)
When m ≥ 3 we define the ϕ-Weyl tensor as
Wϕg =W
ϕ := Riem−
1
m− 2
Aϕ ∧ g, (2.20)
where ∧ denotes the Kulkarni-Nomizu product of two times covariant symmetric tensors and give rise
to a (0, 4) tensor that has the same symmetries of the Riemann tensor. Recall that, for V and T two
times covariant symmetric tensors,
(T ∧ V )(X,Y, Z,W ) = T (X,Z)V (Y,W )− T (X,W )V (Y, Z) + T (Y,W )V (X,Z)− T (Y, Z)V (X,W ),
in moving frame notation
(T ∧ V )ijkt = TikVjt − TitVjk + TjtVik − TjkVit.
Following P. Baird and J. Eells, see [BaE], we define the stress-energy tensor of ϕ (with a different sign
convention) by
T g ≡ T := ϕ∗η −
|dϕ|2
2
g. (2.21)
The generalized Schur’s identity is given by
div(Ricϕ) =
1
2
dSϕ − αdiv(T ). (2.22)
The divergence of ϕ-Weyl is related to the ϕ-Cotton tensor as follows, in a local g-orthonormal coframe,
ηtsWϕtijk,s =
m− 3
m− 2
Cϕikj + α(ϕ
a
ijϕ
a
k − ϕ
a
ikϕ
a
j ) +
α
m− 2
τ(ϕ)a(ϕaj ηik − ϕ
a
kηij), (2.23)
The traces of ϕ-Cotton (with respect to the first and the second entries) and of ϕ-Weyl (with respect to
the first and the third entries) are given by, respectively,
tr(Cϕ) = αdiv(T ), ηjkCϕjki = αdiv(T )i (2.24)
and
tr(Wϕ) = αϕ∗η, ηktWϕkitj = αϕ
a
i ϕ
a
j . (2.25)
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2.2 The ϕ-Bach tensor
It remain another ϕ-curvature to introduce: the ϕ-Bach tensor Bϕg ≡ B
ϕ, whose components are given
by, in a local g-orthonormal coframe,
(m− 2)Bϕij =η
ktCϕijk,t + (R
ϕ)tk(Wϕtikj − αϕ
a
tϕ
a
i ηjk)
+ α
(
ϕaijτ(ϕ)
a − τ(ϕ)ajϕ
a
i −
1
m− 2
|τ(ϕ)|2ηij
)
.
(2.26)
It is not immediate to see but the ϕ-Bach tensor is symmetric and this is due to the validity of
ηktCϕkij,t = α[ϕ
a
k((R
ϕ)ki ϕ
a
j − (R
ϕ)kjϕ
a
i ) + τ(ϕ)
a
i ϕ
a
j − τ(ϕ)
a
jϕ
a
i ]. (2.27)
Furthermore, its trace is given by
(m− 2)tr(Bϕ) = α
m− 4
m− 2
|τ(ϕ)|2. (2.28)
In the following Proposition we provide an alternative, but equivalent, definition for ϕ-Bach that
shall be useful in the proof of Lemma 5.85.
Proposition 2.29. In a local g-orthonormal coframe the components of the ϕ-Bach tensor can be written
as
(m− 2)Bϕij =∆R
ϕ
ij −
m− 2
2(m− 1)
Sϕij −
m− 4
m− 2
(Rϕ)2ij −
m
(m− 1)(m− 2)
SϕRϕij + 2Rkitj(R
ϕ)kt
+
(
(Sϕ)2
(m− 1)(m− 2)
−
∆Sϕ
2(m− 1)
−
1
m− 2
|Ricϕ|2
)
ηij
+ α
[
2ϕaijτ(ϕ)
a −
1
m− 2
|τ(ϕ)|2ηij − ((R
ϕ)ki ϕ
a
j + (R
ϕ)kjϕ
a
i )ϕ
a
k
]
.
(2.30)
In particular, if m = 4,
Bϕij =
1
2
∆Rϕij −
1
6
Sϕij −
1
3
SϕRϕij +Rkitj(R
ϕ)kt +
(
(Sϕ)2
12
−
∆Sϕ
12
−
1
4
|Ricϕ|2
)
ηij
+ α
[
ϕaijτ(ϕ)
a −
1
4
|τ(ϕ)|2ηij −
1
2
((Rϕ)ki ϕ
a
j + (R
ϕ)kjϕ
a
i )ϕ
a
k
]
.
(2.31)
Proof. Using the definitions (2.18) and (2.17) we get
Cϕijk,t = R
ϕ
ij,kt −R
ϕ
ik,jt −
Sϕkt
2(m− 1)
ηij +
Sϕjt
2(m− 1)
ηik.
Then
ηktCϕijk,t = ∆R
ϕ
ij − η
ktRϕik,jt −
∆Sϕ
2(m− 1)
ηij +
Sϕij
2(m− 1)
. (2.32)
The following relation holds
ηktRϕik,jt =
1
2
Sϕij −Rikjt(R
ϕ)kt + (Rϕ)2ij + α
(
(Rϕ)siϕ
a
jϕ
a
s − τ(ϕ)
a
jϕ
a
i − τ(ϕ)
aϕaij
)
. (2.33)
To prove (2.33) first notice that, commutating the indexes,
Rϕik,jt = R
ϕ
ik,tj +R
s
ijtR
ϕ
sk +R
s
kjtR
ϕ
is,
hence contracting the above
ηktRϕik,jt = div(Ric
ϕ)i,j +R
s
ijt(R
ϕ)ts +R
s
jR
ϕ
is.
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Using (2.22) and (2.15) from the above we infer
ηktRϕik,jt =
(
1
2
Sϕi − ατ(ϕ)
aϕai
)
j
+Rsijt(R
ϕ)ts + (R
ϕ)2ij + α(R
ϕ)siϕ
a
jϕ
a
s ,
that is (2.33). By plugging (2.33) into (2.32) we get
ηktCϕijk,t =∆R
ϕ
ij −
m− 2
2(m− 1)
Sϕij +Rkitj(R
ϕ)kt − (Rϕ)2ij −
∆Sϕ
2(m− 1)
ηij
+ α
(
τ(ϕ)ajϕ
a
i + τ(ϕ)
aϕaij − (R
ϕ)siϕ
a
jϕ
a
s
)
.
(2.34)
Now, using (2.20) and (2.17),
Wϕikjt(R
ϕ)kt = Rikjt(R
ϕ)kt −
1
m− 2
[
m
m− 1
SϕRϕij − 2(R
ϕ)2ij +
(
|Ricϕ|2 −
(Sϕ)2
m− 1
)
ηij
]
. (2.35)
By plugging (2.34) and (2.35) into (2.26), after some computations, we get (2.30).
Motivated by the fact that the Bach tensor is divergence free for four dimensional manifolds in the
following Proposition we evaluate the divergence of ϕ-Bach. The following Proposition will be useful
also in the proof of Lemma 5.79.
Proposition 2.36. In a local g-orthonormal coframe the components of the divergence of the ϕ-Bach
tensor are given by
div(Bϕ)i =
m− 4
m− 2
(RϕjkC
ϕ
jki + α(τ(ϕ)
a
i +R
ϕ
ijϕ
a
j )τ(ϕ)
a)
+ αϕai
[
mSϕ
(m− 1)(m− 2)
τ(ϕ)a −
m− 2
2(m− 1)
Sϕj ϕ
a
j − 2R
ϕ
jkϕ
a
jk + 2τ(ϕ)
bϕbjϕ
a
j − τ2(ϕ)
a
]
.
(2.37)
By setting
(Jm)
a = Ja :=
mSϕ
(m− 1)(m− 2)
τ(ϕ)a −
m− 2
2(m− 1)
Sϕj ϕ
a
j − 2R
ϕ
jkϕ
a
jk + 2τ(ϕ)
bϕbjϕ
a
j − τ2(ϕ)
a
the above can be written as
div(Bϕ)i =
m− 4
m− 2
(RϕjkC
ϕ
jki + α(τ(ϕ)
a
i +R
ϕ
ijϕ
a
j )τ(ϕ)
a) + αJmϕ
a
i .
Remark 2.38. In particular, for m = 4,
div(Bϕ)i =αJ
aϕai ,
with
Ja = (J4)
a =
2
3
Sϕτ(ϕ)a −
1
3
Sϕj ϕ
a
j − 2R
ϕ
jkϕ
a
jk + 2τ(ϕ)
bϕbjϕ
a
j − τ2(ϕ)
a. (2.39)
Then, if ϕ-Bach is divergence free and ϕ is a submersion a.e.,
J = 0.
Proof. We decompose the ϕ-Bach tensor as follows
(m− 2)Bϕij = αLij +Mij +Nij ,
where
Lij := ϕ
a
kkϕ
a
ij −
1
m− 2
|τ(ϕ)|2δij ,
Mij := R
ϕ
tkW
ϕ
tikj
and
Nij := C
ϕ
ijk,k − α(R
ϕ
kjϕ
a
k + ϕ
a
kkj)ϕ
a
i .
We proceed by evaluating separately the divergences of L, M and N and then we combine them all to
obtain (2.37).
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• Using the commutation rule (2.13) and the definition of ϕ-Ricci (2.15) we easily get
div(L)j =
m− 4
m− 2
ϕakkjϕ
a
tt + ϕ
a
kkiϕ
a
ij +
NRabcdϕ
b
iϕ
c
iϕ
d
jϕ
a
kk + R
ϕ
tjϕ
a
tϕ
a
kk + αϕ
b
tϕ
b
jϕ
a
tϕ
a
kk. (2.40)
• Clearly
div(M)j = R
ϕ
tk,iW
ϕ
tikj + R
ϕ
tkW
ϕ
tikj,i.
Using the definition of ϕ-Schouten and ϕ-Cotton and the symmetries of ϕ-Weyl and ϕ-Schouten
we infer
Rϕtk,iW
ϕ
tikj = C
ϕ
tkiW
ϕ
tikj + α
Sϕi
2(m− 1)
ϕai ϕ
a
j .
Using (2.23) we easily get
RϕtkW
ϕ
tikj,i =
m− 3
m− 2
RϕikC
ϕ
ikj + α(R
ϕ
ikϕ
a
ijϕ
a
k −R
ϕ
ikϕ
a
ikϕ
a
j ) +
α
m− 2
(Sϕϕaj −R
ϕ
kjϕ
a
k)ϕ
a
tt.
Combining the equations above we have
div(M)j =C
ϕ
tkiW
ϕ
tikj + α
Sϕi
2(m− 1)
ϕai ϕ
a
j +
m− 3
m− 2
RϕikC
ϕ
ikj
+ α(Rϕikϕ
a
ijϕ
a
k −R
ϕ
ikϕ
a
ikϕ
a
j ) +
α
m− 2
(Sϕϕaj −R
ϕ
kjϕ
a
k)ϕ
a
tt.
(2.41)
• Finally
div(N)j = C
ϕ
ijk,ki − α(R
ϕ
kj,iϕ
a
k +R
ϕ
kjϕ
a
ki + ϕ
a
kkji)ϕ
a
i − α(R
ϕ
kjϕ
a
k + ϕ
a
kkj)ϕ
a
ii. (2.42)
Exchanging the covariant derivatives we obtain
Cϕijk,ki = (C
ϕ
kji,k)i −R
t
jikC
ϕ
itk. (2.43)
Using (2.27) we infer
(Cϕkji,k)i =α[(R
ϕ
jk,iϕ
a
i +R
ϕ
jkϕ
a
ii −R
ϕ
ik,iϕ
a
j −R
ϕ
ikϕ
a
ji)ϕ
a
k + (R
ϕ
jkϕ
a
i −R
ϕ
ikϕ
a
j )ϕ
a
ki]
+ α[ϕakkjiϕ
a
i + ϕ
a
kkjϕ
a
ii − ϕ
a
kkiiϕ
a
j − ϕ
a
kkiϕ
a
ji].
(2.44)
Plugging (2.44) into (2.43) and then plugging it all into (2.42), with the aid of (2.22), we get
div(N)j = R
t
jkiC
ϕ
itk − α
[
1
2
Sϕk ϕ
a
kϕ
a
j − αϕ
b
iiϕ
b
kϕ
a
jϕ
a
k +R
ϕ
ikϕ
a
ijϕ
a
k +R
ϕ
ikϕ
a
ikϕ
a
j + ϕ
a
kkii + ϕ
a
kkiϕ
a
ij
]
.
Using the decomposition (2.20), the definition of ϕ-Schouten, the symmetries of ϕ-Cotton and
(2.24) we get
RtjkiC
ϕ
itk =W
ϕ
tjkiC
ϕ
itk −
1
m− 2
(
RϕitC
ϕ
itj + αR
ϕ
jkϕ
a
kϕ
a
ii −
αSϕ
m− 1
ϕaiiϕ
a
j
)
,
hence, by plugging into the above we finally get
div(N)j =W
ϕ
tjkiC
ϕ
itk −
1
m− 2
RϕikC
ϕ
ikj + α
[
Sϕ
(m− 1)(m− 2)
ϕaiiϕ
a
j −
1
m− 2
Rϕkjϕ
a
kϕ
a
ii
]
+ α
[
αϕbiiϕ
b
kϕ
a
jϕ
a
k −
1
2
Sϕk ϕ
a
kϕ
a
j −R
ϕ
ikϕ
a
ijϕ
a
k −R
ϕ
ikϕ
a
ikϕ
a
j − ϕ
a
kkii − ϕ
a
kkiϕ
a
ij
]
.
(2.45)
Combining (2.40), (2.41) and (2.45), after a computation and rearranging the terms, recalling the defi-
nition (2.12) of the bi-tension of ϕ, we conclude the validity of (2.37).
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2.3 Einstein fields equations in presence of a field
Definition 2.46. Let (M, g) be a semi-Riemannian manifold of dimension m ≥ 3, ϕ :M → N a smooth
map with target a Riemannian manifold (N, η) and α ∈ R\{0}. We say that (M, g) is harmonic-Einstein
(with respect to ϕ and α) if {
R˚ic
ϕ
= 0
τ(ϕ) = 0.
(2.47)
We say that (M, g) is ϕ-Ricci flat (with respect to α) if{
Ricϕ = 0
τ(ϕ) = 0.
(2.48)
Remark 2.49. Harmonic-Einstein manifolds have constant ϕ-scalar curvature, it follows from (2.22).
Then the ϕ-Schouten tensor is parallel and, as a consequence, the ϕ-Cotton tensor vanishes. Furthermore,
harmonic-Einstein manifolds are ϕ-Bach flat.
Remark 2.50. ϕ-Ricci flat manifolds (with respect to α) are no more than harmonic-Einstein manifolds
(with respect to ϕ and α) with vanishing ϕ-scalar curvature.
Proposition 2.51. Let (M, g) be a semi-Riemannian manifold of dimension m ≥ 3, ϕ : M → N a
harmonic map with target a Riemannian manifold (N, η) and α ∈ R \ {0}. Then (M, g) is harmonic-
Einstein (with respect to ϕ and α) if and only if
G+ Λg = αT, (2.52)
where G is the Einstein tensor of (M, g), that is,
G := Ric−
S
2
g,
T is the energy-stress tensor of the map ϕ that is given by (2.21). If this the case, the cosmological
constant is given by
Λ :=
m− 2
2m
Sϕ ∈ R. (2.53)
Proof. Notice that, since ϕ is harmonic, (M, g) is harmonic-Einstein with respect to ϕ and α if and only
if the first equation of (2.47) holds, that is,
Ricϕ =
Sϕ
m
g. (2.54)
Assume (2.54) holds. Using the definition of ϕ-Ricci tensor, the relation Sϕ = S − α|dϕ|2 and (2.54) we
obtain
G =Ric−
S
2
g
=Ricϕ + αϕ∗η −
Sϕ
2
g + α
|dϕ|2
2
g
=
Sϕ
m
g −
Sϕ
2
g + α
(
ϕ∗η −
|dϕ|2
2
g
)
,
that gives (2.52), by setting Λ as in (2.53) (that is constant since it is a constant multiple of the ϕ-scalar
curvature) and recalling the definition (2.21) of T . The converse implication follows analogously.
Remark 2.55. Four dimensional harmonic-Einstein Lorentzian manifolds (M, g) with respect to a smooth
map ϕ :M → N , with target a Riemannian manifold (N, η), and
α =
8piG
c4
, (2.56)
where G is Newton’s gravitational constant and c is the speed of light in vacuum, are solutions of the
Einstein field equations with cosmological constant Λ given by (2.53) and as field source the wave map
(i.e., harmonic map with source a Lorentzian manifold) ϕ, see Section 6.5 of [C-B]. In particular, ϕ-Ricci
flat (with respect to α given by (2.56)) solves the Einstein field equations with the absence of cosmological
constant, i.e., with Λ = 0.
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3 Transformation laws of ϕ-curvature under a conformal change
of metric
Let g be a pseudo-Riemannian metric on M . Let h ∈ C∞(M) and denote
g˜ := e−2hg. (3.1)
In this Section we denote with a tilde the tensors depending on the metric g˜ and without subscripts
the ones depending on g, for instance, for the Ricci tensors
R˜ic ≡ Ricg˜, Ric ≡ Ricg,
and we do the same for their components.
The following Proposition is well known (compare to 1.159 of [B], that deals with the Riemannian
case).
Proposition 3.2. Let {θi}, {ei}, {θ
i
j} and {Θ
i
j} be, respectively, a local g-orthonormal coframe, the
dual frame, the Levi-Civita connection forms and the curvature forms for the pseudo-Riemannian metric
g of M on an open subset U . Let h ∈ C∞(M) and set g˜ as in (3.1).
• A g˜-orthonormal coframe {θ˜i} on U is given by
θ˜i = e−hθi. (3.3)
• The dual frame {e˜i} of {θ˜
i} is given by
e˜i := e
hei, (3.4)
• The Levi-Civita connection forms {θ˜ij} for g˜ on U are given by
θ˜ij = θ
i
j − hjθ
i + hiθj . (3.5)
• The components of the Riemann tensor of (M, g˜) in the local coframe {θ˜i} are given by
e−2hR˜jikt =Rjikt + (hjkηit − htjηik + hitηjk − hikηtj)
+ (hjhkηit − hjhtηik + hihtηjk − hihkηjt)− |∇h|
2(ηjkηit − ηjtηik),
(3.6)
where Rjikt are the components of the Riemann tensor of (M, g) in the local coframe {θ
i}. In global
notation
e2hR˜iem = Riem+
(
Hess(h) + dh⊗ dh−
|∇h|2
2
g
)
∧ g. (3.7)
• The Riemannian volume element of g˜ is given by
µ˜ = e−mhµ. (3.8)
Proof. Since on U we have g = ηijθ
i ⊗ θj , (3.1) gives g˜ = ηij θ˜
i ⊗ θ˜j , where {θ˜i} are given by (3.3). This
shows that {θ˜i} is a local g˜-orthonormal coframe. By setting {e˜i} as in (3.4) it is immediate to check
that {e˜i} is the dual frame of {θ˜
i}.
The first structure equations read
dθ˜i + θ˜ij ∧ θ˜
j = 0.
Using (3.3) the above gives
e−h(dθi − dh ∧ θi) + e−hθ˜ij ∧ θ
j = 0,
that is,
dθi − dh ∧ θi + θ˜ij ∧ θ
j = 0.
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With the aid of the first structure equations for the coframe {θi} (see (2.2)) we get
−θij ∧ θ
j − hjθ
j ∧ θi + θ˜ij ∧ θ
j = 0,
that is,
(θ˜ij − θ
i
j + hjθ
i) ∧ θj = 0.
Assuming that the connection forms {θ˜ij} are given by (3.5) we obtain that the above equation is satisfied.
Indeed, by plugging (3.5) into the above we get hiθj ∧ θ
j = 0, that is satisfied. Moreover, using once
again (3.5) we deduce
ηik θ˜
k
j + ηkj θ˜
k
i = ηikθ
k
j + ηkjθ
k
i ,
hence the skew-symmetry θ˜ij + θ˜ji = 0 follows immediately from the skew-symmetry θij + θji = 0.
Recalling that the connection forms are characterized by the skew symmetry and the validity of the first
structure equations we obtain that {θ˜ij} given by (3.5) are the Levi-Civita connection forms for g˜ on U .
The second structure equations for the metric g˜ are given by
Θ˜ji = dθ˜
j
i + θ˜ki ∧ θ˜
kj .
Using (3.5) we get
Θ˜ji = d(θ
j
i − hiθ
j + hjθi) + (θki − hiθk + hkθi) ∧ (θ
kj − hjθk + hkθj),
that gives
Θ˜ji =dθ
j
i + θki ∧ θ
kj + (dhj − hkθ
kj) ∧ θi − (dhi − h
kθki) ∧ θ
j
− hi(dθ
j − θkj ∧ θk) + h
j(dθi − θki ∧ θ
k) + hih
jθk ∧ θ
k
− hih
kθk ∧ θ
j − hkh
jθi ∧ θ
k + hkh
kθi ∧ θ
j .
From the definition of covariant derivatives we get hijθ
j = dhi − hjθ
j
i and by plugging it together with
the first and the second structure equations for g and θk ∧ θ
k = 0 into the above we deduce
Θ˜ji =Θ
j
i + h
j
kθ
k ∧ θi − hikθ
k ∧ θj
+ hi(θ
jk + θkj) ∧ θk − h
j(θik + θki) ∧ θ
k
− hih
kθk ∧ θ
j − hkh
jθi ∧ θ
k + |∇h|2θi ∧ θ
j .
Using the skew symmetry θij + θji = 0 from the above we conclude
ηjsΘ˜
j
i = ηjsΘ
j
i + (hskηit − hikηst − hihkηst + hkhsηit + |∇h|
2ηikηst)θ
k ∧ θt,
that gives, recalling (2.5),
1
2
R˜jikt θ˜
k ∧ θ˜t =
(
1
2
Rjikt + hjkηit − hikηjt − hihkηjt + hkhjηit + |∇h|
2ηikηjt
)
θk ∧ θt.
Using (3.3), skew-symmetrizing the above we finally get
e−2hR˜jikt =Rjikt + hjkηit − hikηjt − hjtηik + hitηjk
− hihkηjt + hkhjηit + hihtηjk − hthjηik + |∇h|
2(ηikηjt − ηitηjk)
that is, (3.6) holds. Since
R˜iem = R˜jikt θ˜
k ⊗ θ˜t ⊗ θ˜i ⊗ θ˜j = e−4hR˜jiktθ
k ⊗ θt ⊗ θi ⊗ θj ,
the validity of (3.6) implies (3.7).
The validity of (3.8) follows easily from (2.8) and (3.3).
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Let (N, η) be a Riemannian manifold, we denote by {Ea}, {ω
a} and {ωab } the local orthonormal frame,
coframe and the corresponding Levi-Civita connection forms on an open set V such that ϕ−1(V) ⊆ U .
Clearly dϕ is independent on the choice of the metric on M , it means that
ϕ˜ai = e
hϕai , (3.9)
where we used (3.3) and
ϕai θ
i ⊗ Ea = dϕ = ϕ˜
a
i θ˜
i ⊗ Ea.
As an immediate consequence we get
|˜dϕ|
2
= e2h|dϕ|2. (3.10)
By definition
∇dϕ = ϕaijθ
j ⊗ θi ⊗ Ea, ϕ
a
ijθ
j = dϕai − ϕ
a
j θ
j
i + ϕ
b
iω
a
b
and
∇˜dϕ = ϕ˜aij θ˜
j ⊗ θ˜i ⊗ Ea, ϕ˜
a
ij θ˜
j = dϕ˜ai − ϕ˜
a
j θ˜
j
i + ϕ˜
b
iω
a
b .
We denote by τ˜(ϕ) the tension of the map
ϕ : (M, g˜)→ (N, η),
in components
τ˜ (ϕ)a = ηijϕ˜aij .
In the next Proposition we determine the transformation laws for the quantities of our interest related
to the smooth map ϕ, under the conformal change of the metric (3.1).
Proposition 3.11. In the notations above, in a local orthonormal coframe,
ϕ˜aij = e
2h
(
ϕaij + ϕ
a
i hj + ϕ
a
jhi − ϕ
a
kh
kηij
)
, (3.12)
in particular
τ˜ (ϕ) = e2h[τ(ϕ) − (m− 2)dϕ(∇h)]. (3.13)
Moreover, in a local orthonormal coframe,
τ˜ (ϕ)ak = e
3h
[
τ(ϕ)ak − (m− 2)ϕ
a
ikh
i − (m− 2)ϕai h
i
k + 2τ
g(ϕ)ahk − 2(m− 2)ϕ
a
i h
ihk
]
. (3.14)
Proof. The validity of (3.12) follows easily using (3.3), the definition of ϕ˜aij , (3.9), (3.5) and the definition
of ϕaij as follows:
ϕ˜aije
−hθj =ϕ˜aij θ˜
j
=dϕ˜ai − ϕ˜
a
j θ˜
j
i + ϕ˜
b
iω
a
b
=d(ehϕai )− e
hϕaj
(
θji − hiθ
j + hjθi
)
+ ehϕbiω
a
b
=eh(dϕai − ϕ
a
j θ
j
i + ϕ
b
iω
a
b ) + e
hϕai dh+ e
hϕaj (hiθ
j − hjθi)
=eh
[
ϕaij + ϕ
a
i hj + ϕ
a
jhi − ϕ
a
kh
kηij
]
θj .
Applying ηij to (3.12) we immediately get (3.13). For convenience we denote
T aij = ϕ
a
ij + ϕ
a
i hj + ϕ
a
jhi − ϕ
a
t h
tηij .
Using the definition of covariant derivative, with the aid of (3.5) we get
ϕ˜aijk θ˜
k =dϕ˜aij − ϕ˜
a
kj θ˜
k
i − ϕ˜
a
ik θ˜
k
j + ϕ˜
b
ijω
a
b
=d(e2hT aij)− e
2hT akj(θ
k
i + h
kθi − hiθ
k)− e2hT aik(θ
k
j + h
kθj − hjθ
k) + e2hT bijω
a
b .
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Thus, by plugging (3.3) into the above and doing some calculations,
e−3hϕ˜aijkθ
k =2T aijhkθ
k + T aij,kθ
k − T akj(h
kθi − hiθ
k)− T aik(h
kθj − hjθ
k)
=(T aij,k + 2T
a
ijhk + T
a
kjhi − T
a
tjh
tηik + T
a
ikhj − T
a
ith
tηjk)θ
k,
that gives,
e−3hϕ˜aijk =T
a
ij,k + 2T
a
ijhk + T
a
kjhi − T
a
tjh
tηik + T
a
ikhj − T
a
ith
tηjk.
Applying ηij and using the relations
ηijT aij = τ
g(ϕ)a − (m− 2)ϕai h
i, ηijT aij,k = τ(ϕ)
a
k − (m− 2)ϕ
a
ikh
i − (m− 2)ϕai h
i
k
(the first follows immediately from the definition of T aij while the second is obtained taking covariant
derivative of the first), we get from the above
e−3hηij ϕ˜aijk =η
ijT aij,k + 2η
ijT aijfk + T
a
kif
i − T atkf
t + T aikf
i − T aktf
t
=ηijT aij,k + 2η
ijT aijhk
=τ(ϕ)ak − (m− 2)ϕ
a
ikh
i − (m− 2)ϕai h
i
k + 2hk(τ
g(ϕ)a − (m− 2)ϕai h
i),
that is (3.14).
Proposition 3.15. The components of the ϕ-Ricci tensor of (M, g˜) in the coframe {θ˜i} are given by
e−2hR˜ϕij = R
ϕ
jk + (m− 2)hij + (m− 2)hihj + [∆h− (m− 2)|∇h|
2]ηij , (3.16)
where Rϕjk are the components of the ϕ-Ricci tensor of (M, g) in the coframe {θ
i}. In global notation
R˜ic
ϕ
= Ricϕ + (m− 2)Hess(h) + (m− 2)dh⊗ dh+ [∆h− (m− 2)|∇h|2]g. (3.17)
Moreover the ϕ-scalar curvature of (M, g˜) is given by
e−2hS˜ϕ = Sϕ + (m− 1)[2∆h− (m− 2)|∇h|2], (3.18)
where Sϕ is the ϕ-scalar curvature of (M, g).
Proof. First of all we prove
e−2hR˜jk = Rjk + (m− 2)hjk + (m− 2)hjhk + [∆h− (m− 2)|∇h|
2]ηjk. (3.19)
From (2.7), using (3.6) we get
e−2hR˜jk = Rjk +(mhjk − hkj +∆hηjk − hjk) + (mhjhk − hjhk + |∇h|
2ηjk − hjhk)− |∇h|
2(mηjk − ηjk),
or equivalently, (3.19).
The validity of (3.16) follows immediately from (3.19) and (3.9). Using (3.17) and (3.3) we deduce
that (3.16) holds.
Applying ηij to (3.16) we immediately get (3.18).
From now on we assume m ≥ 3 and we set
h :=
1
m− 2
f, (3.20)
so that (3.1) reads
g˜ = e−
2f
m−2 g.
Then (3.17), (3.18), (3.13) and (3.14) reads, respectively,
R˜ic
ϕ
= Ricϕ +Hess(f) +
1
m− 2
(df ⊗ df +∆ffg), (3.21)
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e−
2
m−2 f S˜ϕ = Sϕ +
m− 1
m− 2
[2∆f − |∇f |2], (3.22)
τ˜ (ϕ) = e
2
m−2 f [τ(ϕ) − dϕ(∇f)] (3.23)
and
ηij ϕ˜aijk = e
3
m−2 f
[
ηijϕaijk − ϕ
a
ikf
i − ϕai f
i
k +
2
m− 2
(τg(ϕ)a − ϕai f
i)fk
]
. (3.24)
Then it is easy to obtain, using the definition of ϕ-Schouten and (3.21) and (3.22),
A˜ϕ = Aϕ +Hess(f) +
1
m− 2
(
df ⊗ df −
|∇f |2
2
g
)
, (3.25)
that locally reads
e−
2
m−2 f A˜ϕij = A
ϕ
ij + fij +
1
m− 2
(
fifj −
|∇f |2
2
ηij
)
. (3.26)
Moreover, from the definition (2.20) of ϕ-Weyl, using (3.7) and (3.25), we immediately get
e
2f
m−2 W˜ϕ =Wϕ, (3.27)
that is, the (1, 3) version of the ϕ-Weyl is conformal invariant.
In the next Proposition we deal with the transformation laws for the ϕ-Cotton tensor.
Proposition 3.28. In the notations above, the components of the ϕ-Cotton tensor of (M, g˜) with respect
to the coframe {θ˜i} are given by
e−
3
m−2 f C˜ϕijk = C
ϕ
ijk +W
ϕ
tijkf
t, (3.29)
where Cϕijk , W
ϕ
tijk and ft are, respectively, the components of C
ϕ, Wϕ and df in the coframe {θi}.
Proof. For simplicity of notation we set
Tij := A
ϕ
ij + fij +
1
m− 2
(
fifj −
|∇f |2
2
ηij
)
, (3.30)
so that (3.26) reads
A˜ϕij = e
2
m−2 fTij . (3.31)
We claim the validity of
e−
3
m−2 f A˜ϕij,k =
2
m− 2
Tijfk + Tij,k +
1
m− 2
(Tkjfi − Ttjf
tηki + Tikfj − Titf
tηjk). (3.32)
To prove the claim we use the definition of covariant derivative, (3.31) and (3.5) (with h given by (3.20)),
obtaining
A˜ϕij,kθ˜
k =dA˜ϕij − A˜
ϕ
kj θ˜
k
i − A˜
ϕ
ik θ˜
k
j
=d(e
2
m−2 fTij)− e
2
m−2 fTkj
(
θki −
fi
m− 2
θk +
fk
m− 2
θi
)
− e
2
m−2 fTik
(
θkj −
fj
m− 2
θk +
fk
m− 2
θj
)
,
that is,
e−
2
m−2 f A˜ϕij,k θ˜
k =
2
m− 2
Tijdf + (dTij − Tkjθ
k
i − Tikθ
k
j ) +
1
m− 2
[Tkj(fiθ
k − fkθi) + Tik(fjθ
k − fkθj)].
Using (3.3) and the definition of Tij,k the above yields
e−
3
m−2 f A˜ϕij,kθ
k =
[
2
m− 2
Tijfk + Tij,k +
1
m− 2
(Tkjfi − Ttjf
tηki + Tikfj − Titf
tηjk)
]
θk,
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hence (3.32) holds.
Now, using the definition of the ϕ-Cotton tensor, (3.32) twice and the symmetry of T we get
e−
3
m−2 f C˜ϕijk =e
− 3
m−2 f (A˜ϕij,k − A˜
ϕ
ik,j)
=Tij,k − Tik,j +
2
m− 2
(Tijfk − Tikfj) +
1
m− 2
[Tikfj − Tijfk + (Ttkηji − Ttjηki)f
t],
that is,
e−
3
m−2 f C˜ϕijk = Tij,k − Tik,j +
1
m− 2
(Tijηkt − Tikηjt + Ttkηji − Ttjηki)f
t. (3.33)
To express the right hand side of the above in terms of Cϕ we first observe that, from the definition
(3.30) of T ,
Tij,k = A
ϕ
ij,k + fijk +
1
m− 2
(fikfj + fifjk − ftftkδij),
so that, using the commutation rule (see (2.6))
fijk = fikj +Rtijkf
t,
and the definition of Cϕijk we get
Tij,k − Tik,j =A
ϕ
ij,k + fijk +
1
m− 2
(fikfj + fifjk − f
tftkηij)
−
[
Aϕik,j + fikj +
1
m− 2
(fijfk + fifkj − f
tftjηik)
]
=Cϕijk +R
t
ijkft +
1
m− 2
[fikfj − fijfk + f
t(ftjηik − ftkηij)].
Moreover an easy computation using (3.30) shows that
(Tijηkt − Tikηjt + Ttkηji − Ttjηki)f
t =Aϕijfk −A
ϕ
ikfj +A
ϕ
tkf
tηji −A
ϕ
tjf
tηki
+ fijfk − fikfj + ftkf
tηji − ftjf
tηki.
Plugging the two relations above into (3.33) we finally conclude
e−
3
m−2 f C˜ϕijk =C
ϕ
ijk +Rtijkf
t +
1
m− 2
[fikfj − fijfk + f
t(ftjηik − ftkηij)]
+
1
m− 2
(Aϕijfk −A
ϕ
ikfj +A
ϕ
tkf
tηji − A
ϕ
tjf
tηki)
+
1
m− 2
(fijfk − fikfj + ftkf
tηji − ftjf
tηki)
=Cϕijk +R
t
ijkft −
1
m− 2
(Aϕtjηki −A
ϕ
tkηij +A
ϕ
ikηtj −A
ϕ
ijηtk)f
t.
Thus follows (3.29), in view of the decomposition (2.20).
The last transformation law we are going to illustrate is the one for the ϕ-Bach tensor Bϕ and is
the hardest to obtain. In order to determine it we first need to evaluate the transformation law for the
tensor
Vij := η
ktCϕijk,t − α[(R
ϕ)kjϕ
a
k + τ(ϕ)
a
j ]ϕ
a
i , (3.34)
that is the content of
Lemma 3.35. In the above notations,
e−
4
m−2 f V˜ij =Vij + f
tkWϕtijk −
m− 5
m− 2
f tfkWϕtijk +
m− 4
m− 2
(Cϕjki + C
ϕ
ikj)f
k + αϕaijϕ
a
kf
k
+
α
m− 2
[(ϕakf
k − τ(ϕ)a)(ϕai fj + ϕ
a
j fi)− τ(ϕ)
aϕakf
kηij −∆ffϕ
a
i ϕ
a
j ].
(3.36)
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Proof. We set
Tijk = C
ϕ
ijk + f
tWϕtijk ,
so that, from (3.29),
C˜ϕijk = e
3
m−2 fTijk.
Proceeding exactly as in the proof of the Proposition above we get
e−
4
m−2 f C˜ϕijk,s =Tijk,s +
3
m− 2
Tijkfs +
1
m− 2
(fiTsjk + fjTisk + fkTijs)
−
f t
m− 2
(Ttjkηis + Titkηjs + Tijtηks).
Applying ηsk to the above an easy calculation shows that
e−
4
m−2 fηskC˜ϕijk,s = η
skTijk,s−
m− 4
m− 2
Tijkf
k+
1
m− 2
(ηskTkjsfi+η
skTiksfj)−
fk
m− 2
(Tkji+Tikj). (3.37)
Using the definition of Tijk and by plugging (2.23) into the above we infer
ηskTijk,s =η
skCϕijk,s + f
tkWϕtijk +
m− 3
m− 2
Cϕjkif
k + α(ϕajiϕ
a
kf
k − ϕajkf
kϕai )
+
α
m− 2
τ(ϕ)a(ϕai fj − ϕ
a
kf
kηij).
(3.38)
Clearly
Tijkf
k = Cϕijkf
k + f tfkWϕtijk. (3.39)
The traces of T are given by, using (2.24), (2.25) and the symmetries of tensors involved,
ηksTkjs = η
ksCϕkjs + f
tηksWϕtkjs = −ατ(ϕ)
aϕaj + αϕ
a
tϕ
a
j f
t = α(ϕakf
k − τ(ϕ)a)ϕaj
and
ηksTiks = 0,
then we easily get
ηksTkjsfi + η
ksTiksfj = α(ϕ
a
kf
k − τ(ϕ)a)ϕaj fi. (3.40)
Using once again the definition of T , the skew symmetry in the first two indices of Wϕ and the identity
(2.19) for Cϕ we evaluate
fkTkji + f
kTikj =f
k(Cϕkji +W
ϕ
tkjif
t) + fk(Cϕikj +W
ϕ
tikjf
t)
=fk(Cϕkji + C
ϕ
ikj) + f
tfkWϕtikj
=− fkCϕjik + f
tfkWϕtikj
=fkCϕjki + f
tfkWϕtikj .
Plugging the above together with (3.38), (3.39) and (3.40) in (3.37) we finally get
e−
4
m−2 fηksC˜ϕijk,s =η
ksCϕijk,s + f
tkWϕtijk −
m− 5
m− 2
f tfkWϕtijk
+
m− 4
m− 2
(Cϕjki + C
ϕ
ikj)f
k + α(ϕaijϕ
a
kf
k − ϕajkf
kϕai )
+
α
m− 2
[τ(ϕ)a(ϕai fj − ϕ
a
j fi) + ϕ
a
kf
kϕaj fi − τ(ϕ)
aϕakf
kηij ].
To conclude the proof notice that, with the aid of (3.21) and (3.23), we get
e−
4
m−2 f ((R˜ϕ)kj ϕ˜
a
kϕ˜
a
i + τ˜ (ϕ)
a
j ϕ˜
a
i ) =(R
ϕ)kjϕ
a
kϕ
a
i + τ(ϕ)
a
jϕ
a
i − ϕ
a
kjf
kϕai
+
1
m− 2
(∆ffϕ
a
i ϕ
a
j − ϕ
a
kf
kϕai fj + 2τ(ϕ)
aϕai fj).
Inserting the relations obtained so far into the definition (3.34) we obtain the validity of (3.36).
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Now we are finally ready to prove
Theorem 3.41. In the above notations, the components of the ϕ-Bach tensor of (M, g˜) in the local
coframe {θ˜i} are given by
e−
4
m−2 f (m− 2)B˜ϕij = (m− 2)B
ϕ
ij −
m− 4
m− 2
fk(Cϕijk + f
tWϕtijk − C
ϕ
jki). (3.42)
Proof. From the definition of ϕ-Bach (2.26) and (3.34)
(m− 2)Bϕij = Vij +W
ϕ
tikj(R
ϕ)tk + ατ(ϕ)a
(
ϕaij −
1
m− 2
τ(ϕ)aηij
)
(3.43)
Using (3.16), the conformal invariance of ϕ-Weyl (3.27) and (2.25) we infer
e−
4
m−2 fW˜ϕtikj(R˜
ϕ)tk =Wϕtikj
(
(Rϕ)tk + f tk +
f tfk
m− 2
+
∆ff
m− 2
ηtk
)
=Wϕtikj(R
ϕ)tk +Wϕtikjf
tk +
1
m− 2
Wϕtikjf
tfk + α
∆ff
m− 2
ϕai ϕ
a
j
=Wϕtikj(R
ϕ)tk −Wϕtijkf
tk −
1
m− 2
Wϕtijkf
tfk + α
∆ff
m− 2
ϕai ϕ
a
j .
Using (3.12) three times a computation yields
e−
4
m−2 f τ˜ (ϕ)a
(
ϕ˜aij −
1
m− 2
τ˜(ϕ)aηij
)
=τ(ϕ)a
(
ϕaij −
1
m− 2
τ(ϕ)aηij
)
+
1
m− 2
τ(ϕ)aϕakf
kηij − ϕ
a
kf
kϕaij
+
1
m− 2
(τ(ϕ)a − ϕakf
k)(ϕai fj + ϕ
a
j fi).
Combining these two relations with (3.36), from (3.43) we deduce the validity of (3.42).
As an immediate consequence of the transformation law for ϕ-Bach we generalize the conformal
invariance in the four dimensional case of the Bach tensor in the following.
Corollary 3.44. Let (M, g) be a four dimensional pseudo-Riemannian manifold, ϕ :M → N a smooth
map, where (N, η) is a target Riemannian manifold, and α ∈ R \ {0}. Then the ϕ-Bach tensor is a
conformal invariant tensor.
Definition 3.45. Let (M, g) be a semi-Riemannian manifold of dimension m ≥ 3, ϕ :M → N a smooth
map, where (N, η) is a target Riemannian manifold, and α ∈ R \ {0}. We denote
[g] := {v2g : v ∈ C∞(M), v > 0 on M}
and we say that (M, g) is conformally harmonic-Einstein (with respect to ϕ and α) if there exists g˜ ∈ [g]
such that (M, g˜) is harmonic-Einstein (with respect to ϕ and α). We say that (M, g) is conformally
ϕ-Ricci flat (with respect to α) if there exists g˜ ∈ [g] such that (M, g˜) is ϕ-Ricci flat (with respect to α).
Remark 3.46. Four dimensional conformally harmonic-Einstein manifolds are ϕ-Bach flat, this is due to
the conformal invariance of ϕ-Bach for four dimensional semi-Riemannian manifolds and the trivial fact
that harmonic-Einstein manifolds are ϕ-Bach flat, see Remark 2.49.
Remark 3.47. Let (M, g) be a semi-Riemannian manifold of dimension m ≥ 3, ϕ : M → N a smooth
map, where (N, η) is a target Riemannian manifold, and α ∈ R \ {0}. Using (3.21), (3.22) and (3.23)
it is immediate to realize that (M, g) is conformally harmonic-Einstein (with respect to ϕ and α) if and
only if 
(
Ricϕ +Hess(f) +
1
m− 2
df ⊗ df
)◦
= 0
τ(ϕ) = dϕ(∇f),
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for some f ∈ C∞(M). Indeed the second equation of the above is clearly equivalent to τ˜(ϕ) = 0, using
(3.23), while the first equation of can be rewritten as
Ricϕ +Hess(f) +
1
m− 2
df ⊗ df =
1
m
(
Sϕ +∆f +
1
m− 2
|∇f |2
)
g,
or also as
Ricϕ +Hess(f) +
1
m− 2
(df ⊗ df +∆ffg) =
1
m
(
Sϕ +
2(m− 1)
m− 2
∆f −
m− 1
m− 2
|∇f |2
)
g.
Now the equivalence between the above and
R˜ic
ϕ
=
S˜ϕ
m
g˜
is evident, using (3.21), (3.22).
4 Harmonic-Einstein warped products
Let (M, g) and (F, gF ) be two semi-Riemannian manifolds of dimension m and d respectively. Let
u ∈ C∞(M), u > 0 on M .
Definition 4.1. We denote by M¯ =M × F the product manifold, by
g := pi∗Mg + (u ◦ piM )
2pi∗F gF ,
where piM : M¯ →M and piF : M¯ → F are the canonical projections, and by
M ×u F := (M¯, g)
the semi-Riemannian warped product with base (M, g), fibre (F, gF ) and warping function u.
We are going to identify TM¯ with TM ⊕ TF . Via the identification
g ≡ g + u2gF .
We use the following indexes conventions
1 ≤ i, j, . . . ≤ m, 1 ≤ α, β, . . . ≤ d, 1 ≤ A,B, . . . ≤ m+ d.
Let {ei}, {θ
i}, {θij}, {Θ
i
j} be, respectively, a local g-orthonormal frame, the dual coframe, the relative
connection and curvature forms on an open subset U of M and let {εα}, {ψ
α}, {ψαβ}, {Ψ
α
β} be the same
quantities on an open subset W of F with respect to gF .
In the next well known Proposition we determine the local g¯-orthonormal frame, the dual coframe,
the relative connection and curvature forms on U := U×W induced by the choices above, that we denote
by {eA}, {θ
A
}, {θ
A
B}, {Θ
A
B}, respectively. We have
g = ηijθ
i ⊗ θj , gF =
F ηαβψ
α ⊗ ψβ ,
where ηij and
F ηαβ and defined as in (2.1), according to the signature of g and gF , respectively.
Proposition 4.2. In the notations above
• The local g-orthonormal frame {eA} is given by
ei = pi
∗
M (ei) ≡ ei, em+α =
1
u ◦ piM
pi∗F (εα) ≡
1
u
εα. (4.3)
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• The corresponding dual coframe {θ
A
} is given by
θ
i
= pi∗M (θ
i) ≡ θi, θ
m+α
= u ◦ piM · pi
∗
Fψ
α ≡ uψα. (4.4)
Then
g¯ = η¯ABθ
A
⊗ θ
B
,
where
η¯ij = ηij , η¯im+β = 0 = η¯m+α j , η¯m+αm+β =
F ηαβ .
• The Levi-Civita connection forms {θ
A
B} are given by
θ
i
j = θ
i
j , θ
m+α
m+β = ψ
α
β , θ
m+α
i = uiψ
α, θ
i
m+α = −u
iψα. (4.5)
• The curvature forms {Θ
A
B} are given by
Θ
j
i = Θ
j
i , Θ
m+β
m+α = Ψ
β
α + |∇u|
2ψα ∧ ψ
β , Θ
m+α
i = uijθ
j ∧ ψα, Θ
i
m+α = −u
ijθj ∧ ψα. (4.6)
Then the non-vanishing components of Riem are determined by
R¯ijkt = Rijkt , R¯im+α j m+β = −
uij
u
F ηαβ ,
R¯m+αm+βm+γ m+δ =
1
u2
FRαβγδ −
|∇u|2
u2
(F ηαγ
F ηβδ −
F ηαδ
F ηβγ),
(4.7)
where Rijkt and
FRαβγδ are the components of the Riemann tensors of (M, g) and (F, gF ), respec-
tively.
Proof. It is clear that {eA} defined as in (4.3) is a local orthonormal frame, indeed
g¯(ei, ej) = g(ei, ej) = ηij , g¯(ei, em+α) = 0
and
g¯(em+α, em+β) = u
2gF
(εα
u
,
εβ
u
)
= gF (εα, εβ) =
F ηαβ .
The relations (4.4) follows immediately from (4.3).
To show the validity of (4.5) recall that the first structure equation on M ×u F are given by
dθ
A
= −θ
A
B ∧ θ
B
.
For A = i we obtain, using (4.4),
dθ
i
=− θ
i
B ∧ θ
B
=− θ
i
j ∧ θ
j
− θ
i
m+α ∧ θ
m+α
=− θ
i
j ∧ θ
j − uθ
i
m+α ∧ ψ
α
and since, from the first structure equation on M ,
dθ
i
=dθi = −θij ∧ θ
j ,
we conclude from the above
(θ
i
j − θ
i
j) ∧ θ
j + uθ
i
m+α ∧ ψ
α = 0. (4.8)
For A = m+ α we obtain, using (4.4),
dθ
m+α
=− θ
m+α
B ∧ θ
B
=− θ
m+α
i ∧ θ
i
− θ
m+α
m+β ∧ θ
m+β
=− θ
m+α
i ∧ θ
i − uθ
m+α
m+β ∧ ψ
β
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and since, from the first structure equation for F ,
dθ
m+α
=d(uψα)
=du ∧ ψα + udψα
=uiθ
i ∧ ψα − uψαβ ∧ ψ
β
=− uiψ
α ∧ θi − uψαβ ∧ ψ
β
we conclude from the above
u(θ
m+α
m+β − ψ
α
β ) ∧ ψ
β + (θ
m+α
i − uiψ
α) ∧ θi = 0. (4.9)
It is immediate to verify that {θ
A
B} given by (4.5) satisfies (4.8), (4.9) and
η¯CBθ
C
A + η¯ACθ
C
B = 0,
hence they are the connection forms associated to the coframe {θ
A
}.
The second structure equation reads as
Θ
B
A = dθ
B
A + θCA ∧ θ
CB
.
For A = i and B = j, using (4.5), ψα ∧ ψ
α = 0 and the second structure equations of (M, g) we obtain
Θ
j
i =dθ
j
i + θki ∧ θ
kj
+ θm+αi ∧ θ
m+αj
=dθji + θki ∧ θ
kj + uiu
jψα ∧ ψ
α
=Θji .
For A = m+ α and B = m+ β, using (4.5) and the second structure equations of (F, gF ) we get
Θ
m+β
m+α =dθ
m+β
m+α + θkm+α ∧ θ
km+β
+ θm+γ m+α ∧ θ
m+γ m+β
=dψβα + uku
kψα ∧ ψ
β + ψγα ∧ ψ
γβ
=Ψβα + |∇u|
2ψα ∧ ψ
β
For A = i and B = m+ α, using (4.5), the definition of uij and the first structure equations of (F, gF )
we have
Θ
m+α
i =dθ
m+α
i + θki ∧ θ
km+α
+ θm+γi ∧ θ
m+γ m+α
=d(uiψ
α)− ukθki ∧ ψ
α + uiψγ ∧ ψ
γα
=(dui − u
kθki) ∧ ψ
α + ui(dψ
α − ψγα ∧ ψγ)
=uikθ
k ∧ ψα.
Since
ηCBΘ
C
A + ηCAΘ
C
B = 0
we deduce that
Θ
i
m+α = −η
ijF ηαβΘ
m+β
j = −η
ijF ηαβujkθ
k ∧ ψβ = −ujkθk ∧ ψα.
By definition of Riem, the Riemann tensor of M ×u F , we have
Θ
A
B =
1
2
R¯ABCDθ
C
∧ θ
D
.
For A = m+ α and B = i, with the aid of (4.4),
Θ
m+α
i =
1
2
R¯m+αiCD θ
C
∧θ
D
=
1
2
(
R¯m+αikt θ
k ∧ θt + uR¯m+αikm+δθ
k ∧ ψδ + uR¯m+αim+δ kψ
δ ∧ θk + u2R¯m+αim+γ m+δψ
γ ∧ ψδ
)
.
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Using (4.6) and the symmetries of Riem the above gives
uikθ
k ∧ ψα = Θ
m+α
i =
1
2
R¯m+αikt θ
k ∧ θt + uR¯m+αikm+δθ
k ∧ ψδ +
1
2
u2R¯m+αim+γ m+δψ
γ ∧ ψδ,
hence we deduce
R¯m+α ijk = 0, R¯m+α im+βm+γ = 0, R¯m+α ij m+β =
uij
u
F ηαβ . (4.10)
For A = i and B = j, using (4.4),
Θ
i
j =
1
2
R¯ijCDθ
C
∧θ
D
=
1
2
(
R¯ijktθ
k ∧ θt + uR¯ijkm+αθ
k ∧ ψα + uR¯ij m+αkψ
α ∧ θk + u2R¯ij m+αm+βψ
α ∧ ψβ
)
.
Using the (4.6), the symmetries of Riem and (4.10) the above gives
1
2
Rijktθ
k ∧ θt = Θij = Θ
i
j =
1
2
R¯ijktθ
k ∧ θt +
1
2
u2R¯ij m+αm+βψ
α ∧ ψβ ,
so that
R¯ijkt = Rijkt, R¯ij m+αm+β = 0. (4.11)
For A = m+ α and B = m+ β,
Θ
m+α
m+β =
1
2
(
R¯m+αm+β ijθ
i ∧ θj + uR¯m+αm+β im+γθ
i ∧ ψγ + uR¯m+αm+βm+γ iψ
γ ∧ θi + u2R¯m+αm+βm+γ m+δψ
γ ∧ ψδ
)
.
Using the (4.6), the symmetries of Riem, (4.10) and (4.11) from the above we infer
1
2
FRαβγδψ
γ ∧ ψδ + |∇u|2ψβ ∧ ψ
α = Ψαβ + |∇u|
2ψβ ∧ ψ
α = Θ
m+α
m+β =
1
2
u2R¯m+αm+βm+γ m+δψ
γ ∧ ψδ.
Skew-symmetrizing the above we obtain
u2R¯m+αm+βm+γ m+δ =
FRαβγδ + |∇u|
2(F ηαδ
F ηβγ −
F ηαγ
F ηβδ),
that is,
R¯m+αm+βm+γ m+δ =
1
u2
FRαβγδ −
|∇u|2
u2
(F ηαγ
F ηβδ −
F ηαδ
F ηβγ).
We are finally able to conclude the validity of (4.7).
Since u > 0 on M there exists f ∈ C∞(M) such that
u = e−
f
d . (4.12)
As an immediate consequence of the above Proposition we have
Corollary 4.13. In the notations above, the non-vanishing components of Ric, the Ricci tensor of
(M¯, g), are given by
R¯ij = Rij − d
uij
u
, R¯m+αm+β = −
(
∆u
u
+ (d− 1)
|∇u|2
u2
)
F ηαβ +
1
u2
FRαβ , (4.14)
where Rij and
FRαβ are the components of the Ricci tensors of (M, g) and (F, gF ), respectively. Moreover
S¯ = S +
FS
u2
− d
[
2
∆u
u
+ (d− 1)
|∇u|2
u2
]
.
Equivalently, in terms of f , where f is defined by (4.12),
R¯ij = Rij + fij −
1
d
fifj, R¯m+αm+β =
∆ff
d
F ηαβ + e
2f
d
FRαβ (4.15)
and
S¯ = S + e
2f
d
FS + 2∆f −
d+ 1
d
|∇f |2.
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Let ϕ :M → N be a smooth map with source the base manifold and target a Riemannian manifold
(N, η) and denote
ϕ¯ := ϕ ◦ piM : M¯ → N. (4.16)
We use the indexes convention
1 ≤ a, b, . . . ≤ n,
where n is the dimension of N . Let {Ea}, {ω
a}, {ωab }, {Ω
a
b} be, respectively, a η-orthonormal frame,
η-orthonormal coframe, connection forms and curvatures form on a open subset V of N such that
ϕ−1(V) ⊆ U . We denote
dϕ¯ = ϕ¯aAθ
A
⊗ Ea,
so that
ϕ¯∗η = ϕ¯aAϕ¯
a
Bθ
A
⊗ θ
B
.
Proposition 4.17. In the assumptions and the notations above
• The components of dϕ¯ are given by
ϕ¯ai = ϕ
a
i , ϕ¯
a
m+α = 0, (4.18)
as a consequence
|dϕ¯|
2
= |dϕ|2. (4.19)
• The tension τ¯ (ϕ¯) of ϕ¯ :M ×u F → (N, η) is given by
τ¯ (ϕ¯) = τ(ϕ) + d
dϕ(∇u)
u
, (4.20)
in terms of f given by (4.12),
τ¯ (ϕ¯) = τ(ϕ) − dϕ(∇f). (4.21)
Proof. Using (4.4),
dϕ¯ = ϕ¯aAθ
A
⊗ Ea = ϕ¯
a
i θ
i ⊗ Ea + uϕ¯
a
m+αψ
α ⊗ Ea.
From (4.16) we deduce dϕ¯ = pi∗Mdϕ ≡ dϕ, that is,
dϕ¯ = pi∗Mdϕ ≡ dϕ = ϕ
a
i θ
i ⊗ Ea,
and thus (4.18) follows by comparison with the above. In particular
η¯ABϕ¯aAϕ¯
a
B = η
ijϕai ϕ
a
j ,
hence (4.19) holds. Moreover
ϕ¯aABθ
B
= dϕ¯aA − ϕ¯
a
Bθ
B
A + ϕ¯
b
Aω
a
b ,
that is, using (4.5),
ϕ¯aAjθ
j + uϕ¯aAm+αψ
α = dϕ¯aA − ϕ¯
a
j θ
j
A − ϕ¯
a
m+αθ
m+α
A + ϕ¯
b
Aω
a
b ,
For A = i we obtain, using (4.18) and (4.5),
ϕ¯aijθ
j + uϕ¯aim+αψ
α = dϕai − ϕ
a
j θ
j
i + ϕ
b
iω
a
b = ϕ
a
ijθ
j ,
hence
ϕ¯aij = ϕ
a
ij , ϕ¯
a
im+α = 0. (4.22)
For A = m+ β we obtain using (4.18) and (4.5),
ϕ¯am+β jθ
j + uϕ¯am+βm+αψ
α = ujϕajψβ ,
hence,
ϕ¯am+α j = 0, ϕ¯
a
m+αm+β = ϕ
a
j
uj
u
F ηαβ . (4.23)
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Then, using (4.22) and (4.23), we infer
τ¯ (ϕ¯)a = ηABϕ¯aAB = η
ij ϕ¯aij +
F ηαβϕ¯am+αm+β = τ(ϕ)
a − dϕaj
uj
u
,
that is, (4.20). Finally (4.21), where f ∈ C∞(M) given by (4.12), follows from (4.20).
Combining Corollary 4.13 with Proposition 4.17 we immediately get
Corollary 4.24. In the notations above, the non-vanishing components of Ric
ϕ¯
, the ϕ¯-Ricci tensor of
M ×u F , are given by
R¯ϕ¯ij = R
ϕ
ij − d
uij
u
, R¯ϕ¯m+αm+β = −
(
∆u
u
+ (d− 1)
|∇u|2
u2
)
F ηαβ +
1
u2
FRαβ , (4.25)
where Rϕij and
FRαβ are the components of the ϕ-Ricci tensors of (M, g) and of the Ricci tensor of
(F, gF ), respectively. Moreover
S¯ϕ¯ = Sϕ +
FS
u2
− d
[
2
∆u
u
+ (d− 1)
|∇u|2
u2
]
.
Equivalently, in terms of f , where f is defined by (4.12),
R¯ϕ¯ij = R
ϕ
ij + fij −
1
d
fifj, R¯
ϕ¯
m+αm+β =
∆ff
d
F ηαβ + e
2f
d
FRαβ (4.26)
and
S¯ϕ¯ = Sϕ + e
2f
d
FS + 2∆f −
d+ 1
d
|∇f |2.
Theorem 4.27. Let (M, g) and (F, gF ) be pseudo-Riemannian manifolds of dimension m and d respec-
tively, with m + d ≥ 3, and (N, η) a Riemannian manifold. Let f ∈ C∞(M) and ϕ : M → N smooth.
Set u as in (4.12) and ϕ¯ : M¯ → N as in (4.16). Then the following are equivalent
• M ×uF is harmonic-Einstein with respect to α ∈ R\{0} and ϕ¯ and with ϕ¯-scalar curvature λ ∈ R.
• (M, g) satisfies, for some α ∈ R \ {0} and λ ∈ R,Ricϕ +Hess(f)−
1
d
df ⊗ df =
λ
m+ d
g
τ(ϕ) = dϕ(∇f),
(4.28)
(F, gF ) is Einstein with scalar curvature Λ ∈ R and the following equation holds
∆ff −
d
m+ d
λ+ Λe
2f
d = 0. (4.29)
Proof. The warped product M ×u F is harmonic-Einstein with ϕ¯-scalar curvature λ if and only ifRic
ϕ¯
=
λ
m+ d
g
τ¯ (ϕ¯) = 0.
(4.30)
The first equation above gives, via (4.26),
Rϕij + fij −
1
d
fifj =
λ
m+ d
δij , (4.31)
and
FRαβ =
(
λ
m+ d
−
∆ff
d
)
e−
2f
d
F ηαβ , (4.32)
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while the second, using (4.21), implies τ(ϕ) = dϕ(∇f). Hence (4.28) holds. It is possible to prove that,
since M is connected and even thought g is a pseudo-Riemannian metric, the Hamilton-type identity
holds for the system (4.28) holds, that is, (4.29) holds. From (4.32) we infer
FS =
(
d
m+ d
λ−∆ff
)
e−
2f
d = Λ.
The converse implication is trivial.
The following is immediate from the above.
Corollary 4.33. Let (M, g) be a semi-Riemannian manifold of dimension m ≥ 2 and (N, η) a Rieman-
nian manifold. Let f ∈ C∞(M) and ϕ :M → N smooth. Set u as
u = e−f
and ϕ¯ := ϕ ◦ piM : M¯ → N . Let α ∈ R \ {0} and λ ∈ R. Then the following are equivalent
• M¯ := M × R is harmonic-Einstein with respect to α and ϕ¯, with ϕ¯-scalar curvature λ and with
respect to the metric
g¯ = g ± u2dt⊗ dt,
where t is the coordinate of R.
• (M, g) satisfies Ricϕ +Hess(f)− df ⊗ df =
λ
m+ 1
g
τ(ϕ) = dϕ(∇f)
(4.34)
and the following equation holds
∆ff =
λ
m+ 1
, (4.35)
or equivalently, in terms of u,
−∆u =
λ
m+ 1
u,
that is, u is an eigenfunction of −∆ for the eigenvalue λ
m+1 .
Definition 4.36. We say that a semi-Riemannian manifold (M, g) of dimension m ≥ 2 is ϕ-static
harmonic-Einstein with respect to a smooth map ϕ : M → N , where (N, η) is a target Riemannian
manifold, and α ∈ R \ {0} if it satisfies one the equivalent conditions of the Proposition above for some
f ∈ C∞(M) and λ ∈ R.
Remark 4.37. If (M, g) is ϕ-static harmonic-Einstein then it has constant ϕ-scalar curvature given by
Sϕ =
m− 1
m+ 1
λ.
The validity of the above follows easily taking the trace of the first equation in (4.34) and plugging by
(4.35) into it.
Recall that a four dimensional Lorentzian manifold (M¯, g¯) of dimension is called static spacetime if
it admits a timelike and irrotational Killing vector field K. Locally any static spacetime is isometric
to M × R endowed with the metric g − e−2fdt ⊗ dt, where (M, g) is a three-dimensional Riemannian
manifold, f ∈ C∞(M) and t is the coordinate in R where K is given by ∂/∂t (see [W] for details).
Furthermore, let (N, η) be a Riemannian manifold and ϕ¯ : (M¯, g¯)→ (N, η) a smooth map.
Definition 4.38. We say that (M¯, g¯) is a ϕ¯-static spacetime if it admits a timelike and irrotational
Killing vector field K such that dϕ¯(K) = 0.
Remark 4.39. It is clear that in a (connected) neighborhood of each point any static spacetime is isometric
to M × R endowed with the metric g − e−2fdt ⊗ dt, where (M, g) is a three-dimensional Riemannian
manifold, f ∈ C∞(M) and t is the coordinate in R, but it can also be proved that in that neighborhood
ϕ¯ is given by the lifing of a time independent map ϕ :M → N , i.e., ϕ¯ = ϕ◦piM where piM :M ×R→M
is the canonical projection.
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Remark 4.40. The name ϕ-static harmonic-Einstein in Definition 4.36 is justified by the fact that, if
(M, g) is a three dimensional ϕ-static Riemannian manifold with respect to α given by (2.56), then the
four dimensional manifold M¯ :=M ×R endowed with the Lorentzian metric g¯ := g− e−2fdt⊗ dt, where
t ∈ R represent the time, is a ϕ¯-static spacetime, where ϕ¯ = ϕ ◦ piM and piM : M¯ → M is the canonical
projection, that solves the Einstein field equations with source the wave map ϕ¯. This fact follows easily
from Remark 2.55.
5 Variational characterizations
Let M be a closed, i.e. a compact smooth manifold without boundary, and orientable manifold of
dimension m ≥ 2. We denote by M the set of all the Riemannian metrics of M .
Remark 5.1. All the results of this Section can be extended to non-compact manifolds by considering
compactly supported variations, but for simplicity we deal with closed and orientable manifolds in this
work.
Let g ∈M, the volume form associated to g is denoted by µg and is locally given by
µg =
√
det(gij)ijdx
1 ∧ . . . ∧ dxm,
where (x1, . . . , xm) are local coordinates on an open subset U of M and g is, in turn, locally given by
g = gijdx
i ⊗ dxj .
We set
volg(M) :=
ˆ
M
µg.
Recall that for every g ∈M the tangent space TgM ofM at g can be identified with S
2(M), the set
of two-times covariant tensor fields on M . The identification is the following: for g ∈M and h ∈ S2(M)
we define
gt := g + th for t ∈ (−ε, ε), (5.2)
where ε > 0 is sufficient small so that gt is positive definite for every t ∈ (−ε, ε). Then g0 = g and
d
dt
∣∣∣∣
t=0
gt = h.
In a local chart the components of gt are given by
gij(t) = gij + thij , gt = gij(t)dx
i ⊗ dxj ,
where
h = hijdx
i ⊗ dxj .
Clearly
g˙ =
d
dt
∣∣∣∣
t=0
gt = h, (5.3)
locally,
g˙ = g˙ijdx
i ⊗ dxj , g˙ij = hij .
We denote by F the set of all the smooth maps ϕ : M → (N, η), where the target (N, η) is a fixed
Riemannian manifold and we fix α ∈ R \ {0}. The results on the following Proposition are well known
or follows easily from well known results. We sketch their proof for the sake of completeness.
Proposition 5.4. Let g ∈ M, ϕ ∈ F and α ∈ R \ {0}. Let h ∈ S2(M) and gt as in (5.2).
• Let (gij(t))ij be the inverse matrix of (gij(t))ij . Then
g˙ij =
d
dt
∣∣∣∣
t=0
gij(t) = −hij , (5.5)
where the indexes of h are raised with the aid of the metric g.
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• The variation of the Riemannian volume element in the direction h is given by
µ˙g :=
d
dt
∣∣∣∣
t=0
µgt =
1
2
trg(h)µg, (5.6)
• The variation of the volume in the direction h is given by
˙volg(M) :=
d
dt
∣∣∣∣
t=0
volgt(M) =
1
2
ˆ
M
trg(h)µg. (5.7)
• The variation of the ϕ-Ricci tensor is given by
R˙ϕij =
d
dt
∣∣∣∣
t=0
Rϕij(t) =
1
2
gpq(∇q∇jhip −∇i∇jhpq +∇q∇ihjp −∇q∇phij). (5.8)
where
Ricϕgt = R
ϕ
ij(t)dx
i ⊗ dxj , ∇g(∇gh) = ∇k∇thijdx
k ⊗ dxt ⊗ dxi ⊗ dxj .
• The variation of the density of energy of ϕ in the direction h is given by
˙eg(ϕ) :=
d
dt
∣∣∣∣
t=0
egt(ϕ) = −
1
2
〈h, ϕ∗η〉g. (5.9)
• The variation of the ϕ-scalar curvature in the direction h is given by
S˙ϕg :=
d
dt
∣∣∣∣
t=0
Sϕgt = −∆g(trg(h)) + divg(divg(h))− 〈h,Ric
ϕ
g 〉g. (5.10)
Proof. The validity of (5.5) is trivial. For the proof of (5.6) and (5.7) see Proposition 1.186 of [B]. Recall
1.1774 (d) of [B]:
R˙ij =
d
dt
∣∣∣∣
t=0
Rij(t) =
1
2
gpq(∇q∇jhip −∇i∇jhpq +∇q∇ihjp −∇q∇phij),
where locally
Ricgt = Rij(t)dx
i ⊗ dxj .
Since αϕ∗η does not depend on the metric g on M , the above gives the validity of (5.8).
The above equation gives
S˙g :=
d
dt
∣∣∣∣
t=0
Sgt = −∆g(trg(h)) + divg(divg(h))− 〈h,Ricg〉g, (5.11)
where we denoted by 〈 , 〉g the extension of g to the bundle of the two-times covariant symmetric tensors
on M , that is locally given by
〈h,Ricg〉g = g
ijhijRij .
Notice that, if we choose local coordinates y1, . . . , yn on a open subset V of N such that ϕ(U) ⊂ V ,
then |dϕ|2gt is locally given by
|dϕ|2gt = g
ij(t)ηabϕ
a
i ϕ
b
j , (5.12)
where η is locally given by
ηabdy
a ⊗ dyb.
Using (5.12) and (5.5) we easily get (5.9). Combining (5.11) and (5.9) and recalling the definition of the
ϕ-Ricci tensor we obtain the variation formula (5.10) for the ϕ-scalar curvature.
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On the other hand we may vary the map ϕ ∈ F . The tangent space TϕF of F at ϕ can be identified
with Γ(ϕ−1TN), the set of smooth sections of ϕ−1TN . The identification is the following: let v be a
smooth section of ϕ−1TN . We define
Φ :M × (−ε, ε)→ N, Φ(x, t) = expNϕ(x)(tvx),
where expNy : TyN → N denotes the exponential map of (N, η) at y ∈ N and ε > 0 is sufficiently small.
Then, by setting
ϕt := Φ(·, t) (5.13)
for every t ∈ (−ε, ε), we have ϕ0 = ϕ and
d
dt
∣∣∣∣
t=0
ϕt = v.
Recall that the total energy of ϕ is given by
Eg(ϕ) :=
ˆ
M
eg(ϕ)µg =
1
2
ˆ
M
|dϕ|2gµg, (5.14)
where eg(ϕ) is the density of energy of ϕ, defined in (2.9) while the total bi-energy of ϕ is given by
Eg2 (ϕ) :=
ˆ
M
eg2(ϕ)µg =
1
2
ˆ
M
|τg(ϕ)|2µg, (5.15)
where eg2(ϕ) is the density of bi-energy of ϕ, defined in (2.11).
The results on the following Proposition are well known. We sketch their proof for completeness and
to show how the method of the moving frame makes computation easier.
Proposition 5.16. Let g ∈M, ϕ ∈ F and α ∈ R \ {0}. Let h ∈ S2(M) and gt as in (5.2).
• The variation of the energy of ϕ in the direction h is given by
˙Eg(ϕ) =
d
dt
∣∣∣∣
t=0
Egt(ϕ) = −
1
2
ˆ
M
〈T g, h〉gµg, (5.17)
where T g is the energy stress tensor (2.21) of the map ϕ : (M, g)→ (N, η).
• The variation of the bi-energy of ϕ in the direction h is given by
˙Eg2 (ϕ) =
d
dt
∣∣∣∣
t=0
Egt2 (ϕ) =
1
2
ˆ
M
〈T g2 , h〉gµg, (5.18)
where, in a local orthonormal coframe for g,
(T g2 )ij = τ(ϕ)
a
i ϕ
a
j + τ(ϕ)
a
jϕ
a
i − (e2(ϕ) + τ(ϕ)
a
kϕ
a
k) δij .
Let v ∈ Γ(ϕ−1TN) and ϕt such that (5.13) holds.
• The variation of total energy of ϕ in the direction v is given by
d
dt
∣∣∣∣
t=0
Eg(ϕt) = −
ˆ
M
(τg(ϕ), v)µg , (5.19)
where ( , ) denotes the inner product on ϕ−1TN and τg(ϕ) is the tension field (2.10) of the map
ϕ : (M, g)→ (N, η).
• The variation of total bi-energy of ϕ in the direction v is given by
d
dt
∣∣∣∣
t=0
Eg2 (ϕt) =
ˆ
M
(τg2 (ϕ), v)µg , (5.20)
where τg2 (ϕ) is the bi-tension field of the map ϕ : (M, g)→ (N, η), given by (2.12).
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Proof. The validity of (5.17) follows from the definition of energy of ϕ and the formulas (5.9) and (5.6),
since
d
dt
∣∣∣∣
t=0
ˆ
M
egt(ϕ)µgt =
ˆ (
d
dt
∣∣∣∣
t=0
egt(ϕ)
)
µg +
ˆ
M
eg(ϕ)
d
dt
∣∣∣∣
t=0
µgt .
Recall that
∇ ∂
∂xi
∂
∂xj
= Γkij
∂
∂xk
and
Γkij =
1
2
gtk
(
∂gtj
∂xi
+
∂gti
∂xj
−
∂gij
∂xt
)
,
Notice that Γkij does not define a tensor while Γ˙
k
ij does, where
Γ˙kij =
1
2
gtk(∇ihtj +∇jhit −∇thij). (5.21)
Recall that the components of the generalized second fundamental form of ϕ are given by
∇dϕaij =
∂2ϕa
∂xi∂xj
− Γkij
∂ϕa
∂xk
+ NΓabc
∂ϕb
∂xi
∂ϕc
∂xj
. (5.22)
Using (5.21) we get
˙∇dϕ
a
ij = −Γ˙
k
ij
∂ϕa
∂xk
= −
1
2
gtk(∇ihtj +∇jhit −∇thij)
∂ϕa
∂xk
. (5.23)
The components of the tension field of ϕ are given by
τg(ϕ)a = gij∇dϕaij .
Using (5.5) and (5.23)
˙τg(ϕ)
a
= g˙ij∇dϕaij + g
ij ˙∇dϕ
a
ij = −h
ij∇dϕaij −
1
2
gtkgij(∇ihtj +∇jhit −∇thij)
∂ϕa
∂xk
In a local orthonormal coframe for g the above equation reads
˙τg(ϕ)
a
= −hijϕ
a
ij −
1
2
(2hki,i − hii,k)ϕ
a
k
Hence
˙eg2(τ) = τ
g(ϕ)a ˙τg(ϕ)
a
= −hijϕ
a
ijτ(ϕ)
a − hki,iτ(ϕ)
aϕak +
1
2
hii,kτ(ϕ)
aϕak.
Then, using (5.6),
˙Eg2 (ϕ) =
ˆ
M
˙eg2(τ)µg +
ˆ
M
eg2(τ)µ˙g =
ˆ
M
(
˙eg2(τ) +
1
2
eg2(τ)trg(h)
)
µg. (5.24)
Notice that
˙eg2(τ) +
1
2
eg2(τ)〈h, g〉g =− hijϕ
a
ijτ
g(ϕ)a − hki,iτ
g(ϕ)aϕak +
1
2
hii,kτ
g(ϕ)aϕak +
1
2
eg2(ϕ)hijδij
=− hijϕ
a
ijτ
g(ϕ)a + hki(τ
g(ϕ)aϕak)i −
1
2
hii(τ
g(ϕ)aϕak)k +
1
2
eg2(ϕ)hijδij + . . .
=hij
(
τg(ϕ)ai ϕ
a
j +
1
2
(eg2(ϕ) − τ
g(ϕ)akϕ
a
k − |τ
g(ϕ)|2)δij
)
+ . . .
=hij
(
τg(ϕ)ai ϕ
a
j −
1
2
(eg2(ϕ) + τ
g(ϕ)akϕ
a
k)δij
)
+ . . .
where with the lower dots we denote divergences terms. Then, integrating by parts we obtain (5.18).
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Now we deal with variations of ϕ. Clearly
d
dt
∣∣∣∣
t=0
eg(ϕt) = ϕ
a
i
d
dt
∣∣∣∣
t=0
(ϕt)
a
i , (5.25)
hence exchanging the covariant derivatives of Φ : (−ε, ε)×M → N , where Φ(t, x) = ϕt(x), we have
d
dt
∣∣∣∣
t=0
eg(ϕt) = ϕ
a
i v
a
i = (ϕ
a
i v
a)i − ϕ
a
iiv
a.
Integrating the above, using the divergence theorem, we conclude the validity of (5.19).
Finally
d
dt
∣∣∣∣
t=0
eg2(ϕt) = τ(ϕ)
a d
dt
∣∣∣∣
t=0
τ(ϕt)
a. (5.26)
Using (2.13) for the map Φ, since the components R¯αβγδ, for 1 ≤ α, β, . . . ≤ m + 1, of the Riemann
tensor of M¯ = (−ε, ε)×M satisfies (it can be seen using (4.7) with u ≡ 1)
R¯kj m+1 t = 0, R¯m+1 j m+1 t = 0, R¯kjst = Rkjst,
we obtain
d
dt
(ϕt)
a
ij =Φ
a
ij m+1 = Φ
a
im+1 j − R¯
α
im+1 jΦ
a
α +
NRabcdΦ
b
iΦ
c
m+1Φ
d
j
=
d
dt
(ϕt)
a
ij +
NRabcd(ϕt)
b
i
d
dt
(ϕt)
c(ϕt)
d
j ,
hence, evaluating at t = 0,
d
dt
∣∣∣∣
t=0
(ϕt)
a
ij = v
a
ij +
NRabcdϕ
b
iv
cϕdj
Tracing the above we conclude
d
dt
∣∣∣∣
t=0
τg(ϕt)
a = vaii +
NRabcdϕ
b
iϕ
d
jv
c.
Then we infer
d
dt
Eg2 (ϕt) =
ˆ
M
(vaii +
NRabcd(ϕt)
b
i (ϕt)
d
jv
c)τ(ϕt)
aµg,
that integrating by parts twice gives (5.20).
Remark 5.27. It is well known, see for instance Proposition 1.1.17 of [A] for a proof, that
div(T g)i = τ
g(ϕ)aϕai . (5.28)
In particular harmonic maps are conservative. The analogous happens also for the bi-energy, that is,
div(T g2 )i = τ
g
2 (ϕ)
aϕai . (5.29)
To prove (5.29) notice that
(T g2 )ij,j =τ
g(ϕ)aijϕ
a
j + τ
g(ϕ)ai τ
g(ϕ)a + τg(ϕ)ajjϕ
a
i + τ
g(ϕ)ajϕ
a
ij − (e
g
2(ϕ) + τ
g(ϕ)akϕ
a
k)i ,
that is,
(T g2 )ij,j = (τ
g(ϕ)aij − τ
g(ϕ)aji)ϕ
a
j + τ
g(ϕ)ajjϕ
a
i , (5.30)
Notice that (2.14) implies
τg(ϕ)aij = τ
g(ϕ)aji + 2R
s
kijϕ
a
ks −
NRabcdϕ
b
kkϕ
c
iϕ
d
j ,
that is, using the symmetries of Riem and of ∇dϕ,
τg(ϕ)aij − τ
g(ϕ)aji = −
NRabcdϕ
b
kkϕ
c
iϕ
d
j .
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Plugging the above into (5.30) we get
div(T g2 )i =
(
τg(ϕ)ajj −
NRabcdϕ
b
jϕ
c
jτ
g(ϕ)d
)
ϕai ,
that is (5.29), recalling (2.12).
For a detailed study of the stress-energy tensor T g2 for biharmonic maps we refer [LMO]. Notice that
the stress-energy tensor T g for harmonic maps play a special role for bidimensional manifolds: indeed it
is well known that T g = 0 if and only if ϕ : (M, g) → (N, η) is weakly conformal and m = 2, where m
is the dimension of M . We expect that the the stress-energy tensor for biharmonic maps could play a
special role for four dimensional manifolds and we will investigate it in future works.
5.1 The linearization of the ϕ-scalar curvature map
We can consider the ϕ-scalar curvature as a map
S :M×F → C∞(M), (g, ϕ) 7→ S(g, ϕ) ≡ Sϕ(g) ≡ Sg(ϕ) = Sϕg .
Then, for every (g, ϕ) ∈M×F , the linearization of the ϕ-scalar curvature map S at (g, ϕ)
d(g,ϕ)S : T(g,ϕ)(M×F)→ C
∞(M)
is given by, using the identification Tg,ϕ(M×F) ≡ S
2(M)⊕ Γ(ϕ−1TN),
(d(g,ϕ)S)(h, v) = (dgS
ϕ)(h) + (dϕS
g)(v) for every (h, v) ∈ S2(M)⊕ Γ(ϕ−1TN).
Using (5.10) and (5.82) (that will be proved below),
(d(g,ϕ)S)(h, ϕ) = −∆g(trg(h)) + divg(divg(h))− 〈h,Ric
ϕ
g 〉g − 2αϕ
a
i v
a
i . (5.31)
It is easy to see that the adjoint (d(g,ϕ)S)
∗ : C∞(M)→ S2(M)× Γ(ϕ−1TN) of d(g,ϕ)S is given by
(d(g,ϕ)S)
∗(u) = [(d(g,ϕ)S)
∗(u)1, (d(g,ϕ)S)
∗(u)2], (5.32)
where {
(d(g,ϕ)S)
∗(u)1 := Hessg(u)− uRic
ϕ
g −∆gug ∈ S
2(M)
(d(g,ϕ)S)
∗(u)2 := 2α[uτ
g(ϕ) + dϕ(∇gu)] ∈ Γ(ϕ
−1TN).
To prove (5.32) it is sufficient to prove that for every u ∈ C∞(M)
ˆ
M
u
(
−∆g(trg(h)) + divg(divg(h))− 〈h,Ric
ϕ
g 〉g − 2αϕ
a
i v
a
i
)
µg
=
ˆ
M
[
〈h,Hessg(u)− uRic
ϕ
g −∆gug〉g + 2α(v, uτ
g(ϕ) + dϕ(∇gu))
]
µg,
that follows easily from the divergence theorem.
In the following Proposition we show that d(g,ϕ)S is surjective (or equivalently, (d(g,ϕ)S)
∗ is injective),
unless some particular conditions on (g, ϕ) ∈M×F are satisfied.
Proposition 5.33. Let M be a compact manifold and let (g, ϕ) ∈ M×F . If (d(g,ϕ)S)
∗ is not injective,
then one of the following hold.
• (M, g) is ϕ-Ricci flat with respect to α and
ker(d(g,ϕ)S)
∗ = R. (5.34)
• There exists a non-constant function u ∈ C∞(M) such that Σ := u−1({0}) is a total umbilical
hypersurface of (M, g) and if U is a connected component of M \Σ, then U¯ := U ×R endowed with
the metric g¯ = g ± u2dt⊗ dt, where t is the coordinate on R, is harmonic-Einstein with respect to
α and ϕ¯ := ϕ ◦ piM , where piM : M¯ →M is the canonical projection.
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Proof. From (5.32), u ∈ ker(d(g,ϕ)S)
∗ if and only if{
Hessg(u)− uRic
ϕ
g −∆gug = 0
uτg(ϕ) + dϕ(∇gu) = 0.
(5.35)
Notice that a non-zero constant u belongs to ker(d(g,ϕ)S)
∗ if and only if (M, g) is ϕ-Ricci flat and,
if this is the case, then (5.34) holds. The equivalence follows immediately from (5.35) and if (M, g) is
ϕ-Ricci flat (5.35) reduces to {
Hessg(u) = ∆gug
dϕ(∇gu) = 0.
(5.36)
Tracing the first equation above we conclude that u is harmonic and, since M is compact, is constant.
Assume that u is non-constant. Taking the trace of the first equation of (5.35) we get
−∆u =
λ
m+ 1
u, (5.37)
where
λ :=
m+ 1
m− 1
Sϕ.
Then u satisfies a unique continuation property and thus, since it is not identically zero, it cannot vanish
on an open subset of M .
Now we show that Sϕ is constant. Taking the divergence of the first equation of (5.36) we get
ηikuijk − u
iRϕij − uη
ikRϕij,k − (∆u)j = 0. (5.38)
Using (2.22) and commutating the indexes we obtain
Rtju
t − uiRϕij − u
1
2
Sϕj + αuτ(ϕ)
aϕaj = 0. (5.39)
Using the second equation of (5.35) and the definition of ϕ-Ricci we conclude
udSϕ = 0.
Then Sϕ is constant on M .
It can be easily proved that Σ := u−1({0}), if it is not empty, is a total umbilical hypersurface of
(M, g) (it follows from the fact that du 6= 0 on Σ, see the proof of Proposition 2.3 of [C]). Notice that,
since u is non-constant and M is compact, from (5.37) we deduce that Sϕ must be a positive constant
and u must change sign, hence Σ 6= ∅.
By setting, on a fixed connected component U of M \ Σ,
u := ±e−f ,
according to the sign of u on U , then the validity of (5.35) gives, on U ,{
Ricϕg +Hess(f)− df ⊗ df = (∆gf − |∇f |
2
g)g
τg(ϕ) = dϕ(∇gf).
Notice that, taking the trace of the first equation of the above,
Sϕ = (m− 1)∆ff,
hence the above can be rewritten asRicϕg +Hess(f)− df ⊗ df =
λ
m+ 1
g
τg(ϕ) = dϕ(∇gf).
Then, using Corollary 4.33, we have that U¯ := U×R endowed with the metric g¯ = g±u2dt⊗dt, where
t is the coordinate on R, is harmonic-Einstein with respect to α and ϕ¯ := ϕ ◦ piM , where piM : M¯ →M
is the canonical projection.
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The following Corollary follows automatically from the above Proposition
Corollary 5.40. Let (M, g) be a compact Riemannian manifold, α ∈ R \ {0} and u ∈ C∞(M) a non-
constant function. Then u ∈ Ker(d(g,ϕ)S)
∗ if and only if Σ := u−1({0}) is a total umbilical hypersurface
of (M, g) and the (possibly disconnected) Riemannian manifold M \Σ is ϕ-static harmonic-Einstein, in
the sense of Definition 4.36, with respect to α and f , where f = − log |u| on M \ Σ. In other words,
M¯ := M × R endowed with the metric g¯ = g − u2dt ⊗ dt, where t is the coordinate on R, is harmonic-
Einstein with respect to α and ϕ¯ := ϕ ◦ piM , where piM : M¯ → M is the canonical projection, outside of
Σ (where g¯ degenerates).
Remark 5.41. The Corollary above shows that compact Riemannian manifolds admitting a non-constant
smooth function in u ∈ Ker(d(g,ϕ)S)
∗ are (possibly disconnected) ϕ-static harmonic-Einstein manifolds
endowed with a “horizon ”given by the zero-locus of u. Notice that Corollary 5.40 is an extension, in
the compact case, of Proposition 2.7 of [C]. It is possible also to deal with the non-compact case and to
study in more detail the image of the ϕ-scalar curvature in the compact case, as done in [FM]. Those
tasks will be addressed, possibly, in some future works.
5.2 Variational derivation of the harmonic-Einstein equations
Definition 5.42. The functional of total ϕ-scalar curvature, for every (g, ϕ) ∈M×F and α ∈ R \ {0},
is given by
S(g, ϕ) ≡ Sϕ(g) ≡ Sg(ϕ) :=
ˆ
M
Sϕg µg. (5.43)
Remark 5.44. Denoting by S(g) the total scalar curvature of (M, g), from the relation Sϕ = S − α|dϕ|2
and of total energy of ϕ we immediately deduce
S(g, ϕ) = S(g)− 2αEg(ϕ). (5.45)
Remark 5.46. For m = 2 the total ϕ-scalar curvature is given by
S(g, ϕ) = 4piχ(M)− 2αEg(ϕ),
where χ(M) is the Euler characteristic of M . Indeed, from Gauss-Bonnet formula,
1
2
ˆ
M
Sgµg = 2piχ(M),
hence the above follows easily from (5.45).
As a consequence, (g, ϕ) ∈ S × F is a critical point for S if and only if it is a critical point for the
total energy of ϕ. We have characterized critical point to the total energy of ϕ in Proposition 5.16: they
satisfy {
τg(ϕ) = 0
T g = 0.
As mentioned in Remark 5.27, T g = 0 if and only if m = 2 and ϕ is weakly conformal. Recall that
ϕ : (M, g) → (N, η), where M is a surface, is called branched minimal immersion (see [BW], Section
3.5) if it is weakly-conformal and harmonic. In conclusion, critical points of S for m = 2 are given by
(g, ϕ) ∈ S × F such that ϕ : (M, g)→ (N, η) is a branched minimal immersion.
Notice that the fact of being a branched minimal immersion does not depend only on the Riemannian
metric g but depends on the conformal class [g] of g. Indeed, using (3.10) and (3.8), we get that
Eg˜(ϕ) = Eg(ϕ).
This can be seen also directly: from (3.13) we have
τ g˜(ϕ) = e2hτg(ϕ) (5.47)
and clearly ϕ is weakly conformal with respect to g˜ if and only if it is with respect to g.
Finally (3.18) and (3.8) give
Sϕg˜ µg˜ = S
ϕ
g µg + 2∆ghµg, (5.48)
and this in another equivalent way to see that Sϕ(g) = Sϕ(g˜).
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From now on assume that m ≥ 3.
Remark 5.49. Notice that Sϕ is not scale invariant, it is homogeneous of degree m−22 , that is, for every
λ > 0,
Sϕ(λg) = λ
m−2
2 Sϕ(g). (5.50)
To prove (5.50) we set g˜ := λg and we use (3.18) and (3.8) with h ∈ R such that λ = e−2h, that are
λSϕg˜ = S
ϕ
g and µg˜ = λ
m
2 µg to get ˆ
M
Sϕg˜ µg˜ = λ
m
2 −1
ˆ
M
Sϕg µg.
To overcome this issue we will study also another functional.
Definition 5.51. We set the rescaled total ϕ-scalar curvature of (M, g) as
S¯(g, ϕ) = S¯ϕ(g) = S¯g(ϕ) := volg(M)
−m−2
m Sϕ(g). (5.52)
Remark 5.53. It is easy to see that, proceeding as in Remark 5.49, volλg(M) = λ
m
2 volg(M) for every
g ∈M and λ > 0. Combining it with (5.50) we immediately get, for every g ∈M and λ > 0
S¯ϕ(λg) = S¯ϕ(g),
that is, S¯ϕ is scale invariant.
Proposition 5.54. Let M be a compact manifold of dimension m ≥ 3 and let (N, η) be a Riemannian
manifold.
• The pair (g, ϕ) ∈M×F is a critical point of the functional S on M×F if and only if{
Ricϕg = 0
τg(ϕ) = 0,
that is, if and only if (M, g) is ϕ-Ricci flat with respect to α.
• The pair (g, ϕ) ∈M×F is a critical point of the functional S¯ on M×F if and only if{
R˚ic
ϕ
= 0
τ(ϕ) = 0,
that is, if and only if (M, g) is harmonic-Einstein with respect to ϕ and α.
Proof. Clearly
d
dt
∣∣∣∣
t=0
Sϕ(gt) =
ˆ
M
(
d
dt
∣∣∣∣
t=0
Sϕgt
)
µg +
ˆ
M
Sϕg
d
dt
∣∣∣∣
t=0
µgt ,
so that, using (5.10) and (5.6),
d
dt
∣∣∣∣
t=0
Sϕ(gt) =
ˆ
M
[−∆g(trg(h)) + divg(divg(h))− 〈h,Ric
ϕ
g 〉g]µg +
1
2
ˆ
M
Sϕg trg(h)µg.
Using the divergence theorem, from the above we get
d
dt
∣∣∣∣
t=0
Sϕ(gt) =
ˆ
M
〈
h,
Sϕg
2
g − Ricϕg
〉
g
µg. (5.55)
In particular, g is a critical point for Sϕ if and only if
Ricϕg =
Sϕg
2
g.
Since m ≥ 3 the above is equivalent to
Ricϕ = 0.
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Moreover, using the definition (5.52),
d
dt
∣∣∣∣
t=0
S¯ϕ(gt) = −
m− 2
m
volg(M)
−
2(m−1)
m Sϕ(g)
d
dt
∣∣∣∣
t=0
volgt(M) + volg(M)
−m−2
m
d
dt
∣∣∣∣
t=0
Sϕgt . (5.56)
Then, by plugging (5.7) and (5.55) into (5.56) we obtain
d
dt
∣∣∣∣
t=0
S¯ϕ(gt) =
ˆ
M
〈
volg(M)
−m−2
m
[(
Sϕg
2
−
m− 2
2m
Sϕ(g)
volg(M)
)
g − Ricϕg
]
, h
〉
g
µg, (5.57)
and thus g is critical for S¯ϕ if and only if
Ricϕg =
(
Sϕg
2
−
m− 2
2m
Sϕ(g)
volg(M)
)
g.
The above gives
R˚ic
ϕ
g = 0
and
Sϕ(g) = Sϕg volg(M).
From (5.45) it is easy to see that ϕ is a critical point of Sg or S¯g if and only if it is a critical point for
Eg, that is, if and only if ϕ : (M, g) → (N, η) is harmonic. Combining with the results obtained above
we conclude the proof.
Remark 5.58. We denote by M1 the subset of M determined by the Riemannian metrics g ∈ M such
that volg(M) = 1. We claim that g ∈ M1 is critical for S
ϕ in M1 if and only if is critical for S¯
ϕ in
M. Indeed, TgM1 can be identified with S
2
0(M, g), the set of traceless two times covariant tensor fields
on (M, g) (see [B] at page 118). Hence, proceeding as in the proof of the Proposition above we get, for
g ∈M1 and h ∈ S
2
0(M, g),
d
dt
∣∣∣∣
t=0
Sϕ(g + th) =
ˆ
M
(
d
dt
∣∣∣∣
t=0
Sϕg+th
)
µg = −
ˆ
M
〈h,Ricϕg 〉gµg,
where we integrated by parts and we used that
d
dt
∣∣∣∣
t=0
µg+th =
1
2
trg(h)µg = 0.
Then g is critical in M1 if and only if R˚ic
ϕ
= 0, hence the claim.
5.3 The total ϕ-scalar curvature restricted to a conformal class of metrics
The following Proposition shows that the problem of finding a conformal metric with constant ϕ-scalar
curvature on a compact Riemannian manifold admit a variational characterization.
Proposition 5.59. Let (M, g) be a compact Riemannian manifold of dimension m ≥ 3, ϕ : M → N
a smooth map, where (N, η) is a target Riemannian manifold and α ∈ R \ {0}. Then the following are
equivalent:
• The ϕ-scalar curvature is constant;
• The metric g is a critical point of the rescaled total ϕ-scalar curvature S¯ϕ restricted to conformal
class [g] ⊆M of g.
Proof. We have to characterize the critical points of S¯ϕ restricted to [g]. Let g˜ ∈ [g], that is,
g˜ = f2g
for some positive function f on M . We set η ∈ C∞(M) and we define, for t sufficiently small,
f2t := f
2 + tη > 0 on M.
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By setting
g˜t = f
2
t g
we have
g˜t = g˜ + th, (5.60)
where h := ηg. In particular g˜t is a variation of g˜ that lies in [g] and all such variations are of this form.
Then g˜ is critical for S¯ϕ on [g] if and only if, for every η ∈ C∞(M),
d
dt
∣∣∣∣
t=0
S¯ϕ(g˜t) = 0.
Using (5.57), since h = ηg we immediately get
d
dt
∣∣∣∣
t=0
S¯ϕ(g˜t) =
ˆ
M
volg˜(M)
−m−2
m ηtrg˜
[(
Sϕg˜
2
−
m− 2
2m
Sϕ(g˜)
volg˜(M)
)
g˜ − Ricϕg˜
]
µg˜
=
m− 2
2
volg˜(M)
−m−2
m
ˆ
M
(
Sϕg˜ −
Sϕ(g˜)
volg˜(M)
)
ηµg˜.
Then g˜ is critical for S¯ϕ on [g] if and only if
Sϕ(g˜) = Sϕg˜ volg˜(M), (5.61)
that is, if and only if Sϕg˜ is constant.
Let (M, g) be a compact Riemannian manifold of dimension m ≥ 3, ϕ : M → N a smooth map,
where (N, η) is a target Riemannian manifold and α ∈ R \ {0}.
Definition 5.62. The ϕ-Yamabe invariant of (M, g) as
Y ϕ(g) := inf
g˜∈[g]
S
ϕ
. (5.63)
We are going to show that the Definition above makes sense.
Definition 5.64. For every u ∈ C∞(M), the ϕ-conformal Laplacian is given by
Lϕg (u) := −
4(m− 1)
m− 2
∆gu+ S
ϕ
g u.
We denote by λ1(L
ϕ
g ) the first eigenvalue of L
ϕ
g . By the variational characterization of λ1(L
ϕ
g )
λ1(L
ϕ
g ) = inf
u∈C∞(M),u6≡0
´
M
(
4(m−1)
m−2 |∇gu|
2
g + S
ϕ
g u
2
)
µg´
M
u2µg
it is immediate to get
λ1(L
ϕ
g ) ≥ inf
M
Sϕ > −∞. (5.65)
Proposition 5.66. Let (M, g) be a compact Riemannian manifold of dimension m ≥ 3, ϕ : M → N a
smooth map, where (N, η) is a target Riemannian manifold and α ∈ R \ {0}. For every g˜ ∈ [g] we have
S
ϕ
(g˜) ≥ min{0, λ1(L
ϕ
g )}. (5.67)
In particular, the ϕ-Yamabe invariant of (M, g) is well defined.
Proof. Recall the validity of (3.22). By setting u = e−
f
2 , so that
g˜ := u
4
m−2 g
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the validity of (3.22) gives
4(m− 1)
m− 2
∆u− Sϕu+ S˜ϕu
m+2
m−2 = 0. (5.68)
We set
(Lϕg (u), u) :=
ˆ
M
Lϕg (u)uµ = −
4(m− 1)
m− 2
ˆ
M
u∆guµg +
ˆ
M
Sϕg u
2µg.
Notice that, since M is compact,
(Lϕg (u), u) =
ˆ
M
(
4(m− 1)
m− 2
|∇gu|
2
g + S
ϕ
g u
2
)
µg.
Clearly,
(Lϕg (u), u) ≥ λ1(L
ϕ
g )‖u‖
2
L2(M,g). (5.69)
Recalling the validity of (3.8), that in terms of u is given by
µ˜ = u
2m
m−2µ,
we immediately get
volg˜(M) =
ˆ
M
u
2m
m−2µ.
Combining the above and (5.68) with the definition of S¯ϕ we have
S
ϕ
(g˜) =
(ˆ
M
u
2m
m−2µ
)−m−2
m
(Lϕu, u).
Then, using (5.69), from the above we deduce
S
ϕ
(g˜) ≥ λ1(L
ϕ
g )
(ˆ
M
u
2m
m−2µ
)−m−2
m
ˆ
M
u2µ. (5.70)
From (5.70) we deduce the validity of (5.67). Indeed, if λ1(L
ϕ
g ) ≥ 0, from (5.70) we immediately get
S
ϕ
(g˜) ≥ 0.
Notice that, from Jensen’s inequality applied to the convex function tp, for p > 1, we have(ˆ
u2
)p
≤
ˆ
u2p, (5.71)
that is, (ˆ
u2p
) 1
p
≥
ˆ
u2. (5.72)
Then, if λ1(L
ϕ
g ) < 0, using (5.70) and (5.72) for
p =
m
m− 2
> 1,
we obtain
S
ϕ
(g˜) ≥ λ1(L
ϕ
g ).
In conclusion, (5.67) holds.
The validity of (5.67) shows that
inf
u∈C∞(M),u>0
S
ϕ
(u
4
m−2 g) > −∞.
To conclude notice that
Y ϕ(g) = inf
u∈C∞(M),u>0
S
ϕ
(u
4
m−2 g).
Remark 5.73. We have just given the definition of the ϕ-Yamabe invariant in the compact case. The
study of his property (also in the complete non-compact case) will be the subject of some future works.
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5.4 Variational characterization of four dimensional ϕ-Bach flat manifolds
Let M be a closed smooth manifold of dimension m ≥ 3, ϕ : M → N a smooth map with target a
Riemannian manifold (N, η) and α ∈ R \ {0}.
Definition 5.74. We define the Bach operator B :M×F → R as
B(g, ϕ) = Bϕ(g) :=
ˆ
M
(S2(A
ϕ
g )− αe2(ϕ))µg = S2(g, ϕ)− αE
g
2 (ϕ),
where
S2(g, ϕ) ≡ S
ϕ
2 (g) :=
ˆ
M
Sϕ2 µg
and S2(A
ϕ
g ) is the second elementary symmetric polynomial in the eigenvalues of the ϕ-Schouten tensor
Aϕg of (M, g).
Remark 5.75. The Bach operator can be equivalently written as
B(g, ϕ) =
ˆ
M
(
m
8(m− 1)
(Sϕg )
2 −
1
2
|Ricϕg |
2
g −
α
2
|τg(ϕ)|2
)
µg. (5.76)
Indeed, recall that if A is a two times covariant symmetric tensor with eigenvalues λ1 ≤ . . . ≤ λm,
then
tr(A) =
∑
i
λi, S2(A) =
∑
i<j
λiλj .
Clearly (∑
i
λi
)2
=
∑
i
λ2i + 2
∑
i<j
λiλj ,
hence we have the validity of
tr(A)2 = |A|2 + 2S2(A).
Applying the above formula to the ϕ-Schouten tensor Aϕg of (M, g) we get
S2(A
ϕ
g ) =
1
2
[tr(Aϕg )
2 − |Aϕg |
2
g].
Using the definition of the ϕ-Schouten tensor we infer
tr(Aϕg ) =
m− 2
2(m− 1)
Sϕg , |A
ϕ|2g = |Ric
ϕ|2g −
3m− 4
4(m− 1)2
(Sϕg )
2,
then, by plugging those relations into the above we finally conclude
S2(A
ϕ
g ) =
m
8(m− 1)
(Sϕg )
2 −
1
2
|Ricϕ|2g, (5.77)
and thus (5.76) follows immediately, using also the definition (5.15) of total bi-energy of ϕ.
We are ready to state our main Theorem.
Theorem 5.78. Let M be a closed orientable four dimensional smooth manifold. Then (g, ϕ) ∈M×F
is a critical point for B on M×F if and only if Bϕ = 0 and J = 0. Notice that, if ϕ is a submersion
a.e. then (g, ϕ) is critical if and only if (M, g) is ϕ-Bach flat.
From now on, when is clear from the context, we omit the dependence on g. To prove Theorem 5.78
we need to evaluate variations of B both with respect to ϕ and to g. In the next Lemma we compute
the variations of the Bach functional with respect to variations of the map.
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Lemma 5.79. Let (g, ϕ) ∈ S × F . Let v ∈ Γ(ϕ−1TN) and ϕt as in (5.13). Then, in the notations
above,
d
dt
∣∣∣∣
t=0
Bϕt(g) =α
ˆ
M
(
m
2(m− 1)
Sϕτ(ϕ)a −
m− 2
2(m− 1)
Sϕi ϕ
a
i − 2R
ϕ
ijϕ
a
ij − τ2(ϕ)
)
vaµg
+ 2α2
ˆ
M
τ(ϕ)bϕbiϕ
a
i v
aµg.
(5.80)
In particular, if m = 4
d
dt
∣∣∣∣
t=0
Bϕt(g) = α
ˆ
M
(J, v)µ, (5.81)
where J = J4 is defined as in (2.39).
Proof. Using the relation between Sϕ = S − α|dϕ|2 we get
d
dt
∣∣∣∣
t=0
Sϕt = −2αϕai v
a
i , (5.82)
hence
d
dt
∣∣∣∣
t=0
(Sϕt)2 = 2Sϕ
d
dt
∣∣∣∣
t=0
Sϕt = −4αSϕϕai v
a
i .
Then, using the divergence theorem
d
dt
∣∣∣∣
t=0
ˆ
M
(Sϕt)2µ = 4α
ˆ
M
(Sϕi ϕ
a
i + S
ϕϕaii)v
a. (5.83)
Using the relation between Ricϕ and Ric we get
d
dt
∣∣∣∣
t=0
Rϕij = −α(ϕ
a
i v
a
j + ϕ
a
j v
a
i ),
hence
d
dt
∣∣∣∣
t=0
|Ricϕ|2 = 2Rϕij
d
dt
∣∣∣∣
t=0
Rϕij = −4αR
ϕ
ijϕ
a
j v
a
i .
Then, using the divergence theorem
d
dt
∣∣∣∣
t=0
ˆ
M
|Ricϕ|2µ = 4α
ˆ
M
(Rϕij,iϕ
a
j +R
ϕ
ijϕ
a
ij)v
a.
Using (2.22) the above yields
d
dt
∣∣∣∣
t=0
ˆ
M
|Ricϕ|2µ = 2α
ˆ
M
(Sϕi ϕ
a
i − 2ατ(ϕ)
bϕbiϕ
a
i + 2R
ϕ
ijϕ
a
ij)v
a. (5.84)
Using (5.83), (5.84) and the definition of bi-tension we get (5.80).
Now we deal with variations of the metric.
Lemma 5.85. Let (g, ϕ) ∈ S × F . Let h ∈ S2(M) and gt as in (5.2), then
d
dt
∣∣∣∣
t=0
Bϕ(gt) =
ˆ
M
[
RtikjR
ϕ
tk +
1
2
∆Rϕij −
m− 2
4(m− 1)
Sϕij −
m
4(m− 1)
SϕRϕij
]
hijµ
+ α
ˆ
M
(
ϕakkϕ
a
ij −R
ϕ
ikϕ
a
kϕ
a
j
)
hijµ
+
ˆ
M
(
m
16(m− 1)
(Sϕ)2 −
1
4(m− 1)
∆Sϕ −
1
4
|Ricϕ|2 −
α
4
|τ(ϕ)|2
)
δijhijµ.
(5.86)
In particular, if m = 4,
d
dt
∣∣∣∣
t=0
Bϕ(gt) =
ˆ
M
〈Bϕ, h〉µ. (5.87)
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Proof. By definition
|Ricϕgt |
2
gt
= Rϕij(t)R
ϕ
tk(t)g
it(t)gjk(t),
hence
d
dt
∣∣∣∣
t=0
|Ricϕgt |
2
gt
= 2(R˙ϕijg
it +Rϕij g˙
it)Rϕtkg
jk.
In a local orthonormal coframe, using (5.5) and (5.8), we get
d
dt
∣∣∣∣
t=0
|Ricϕgt |
2
gt
= 2hik,jkR
ϕ
ij − tr(h)ijR
ϕ
ij − (∆h)ijR
ϕ
ij − 2(R
ϕ)2ijhij (5.88)
We have
d
dt
∣∣∣∣
t=0
ˆ
M
|Ricϕgt |
2
gt
µgt =
ˆ
M
(
d
dt
∣∣∣∣
t=0
|Ricϕgt |
2
gt
)
µ+
ˆ
M
|Ricϕ|2
d
dt
∣∣∣∣
t=0
µgt ,
so that, using (5.88) and (5.6),
d
dt
∣∣∣∣
t=0
ˆ
M
|Ricϕgt |
2
gt
µgt =
ˆ
M
(2hik,jkR
ϕ
ij − tr(h)ijR
ϕ
ij − (∆h)ijR
ϕ
ij − 2(R
ϕ)2ijhij)µ
+
1
2
ˆ
M
|Ricϕ|2tr(h)µ,
(5.89)
that is, using the divergence theorem,
d
dt
∣∣∣∣
t=0
ˆ
M
|Ricϕgt |
2
gt
µgt =
ˆ
M
(
2Rϕik,jk − δijR
ϕ
tk,tk −R
ϕ
ij,kk − 2(R
ϕ)2ij +
1
2
|Ricϕ|2δij
)
hijµ. (5.90)
The following commutation relation holds (see (2.6))
Rϕik,jk = R
ϕ
ik,kj +R
t
ijkR
ϕ
tk +R
t
kjkR
ϕ
it.
Using the generalized Schur’s identity and the definition of ϕ-Ricci the above reads
Rϕik,jk =
1
2
Sϕij − α(ϕ
a
kkϕ
a
i )j +R
t
ijkR
ϕ
tk +R
ϕ
tjR
ϕ
it + αϕ
a
tϕ
a
jR
ϕ
it,
that is,
Rϕik,jk =
1
2
Sϕij −R
t
ikjR
ϕ
tk + (R
ϕ)2ij + αR
ϕ
ikϕ
a
kϕ
a
j − αϕ
a
kkjϕ
a
i − αϕ
a
kkϕ
a
ij . (5.91)
Moreover, taking the trace of the above we infer
Rϕtk,tk =
1
2
∆Sϕ − αϕattkϕ
a
k − α|τ(ϕ)|
2 . (5.92)
By plugging (5.91) and (5.92) into (5.90) we obtain
d
dt
∣∣∣∣
t=0
ˆ
M
|Ricϕgt |
2
gt
µgt =
ˆ
M
(
Sϕij − 2R
t
ikjR
ϕ
tk + 2αR
ϕ
ikϕ
a
kϕ
a
j − 2αϕ
a
kkjϕ
a
i − 2αϕ
a
kkϕ
a
ij −∆R
ϕ
ij
)
hijµ
−
ˆ
M
(
1
2
∆Sϕ − αϕattkϕ
a
k − α|τ(ϕ)|
2 −
1
2
|Ricϕ|2
)
δijhijµ.
Using (5.10) and (5.6) we have
d
dt
∣∣∣∣
t=0
ˆ
M
(Sϕ)2gtµgt =
ˆ
M
〈
2Hess(Sϕ)− 2SϕRicϕ +
(
(Sϕ)2
2
− 2∆Sϕ
)
g, h
〉
µ. (5.93)
In conclusion, since
d
dt
∣∣∣∣
t=0
Bϕ(gt) =
m
8(m− 1)
d
dt
∣∣∣∣
t=0
ˆ
M
(Sϕgt)
2µgt −
1
2
d
dt
∣∣∣∣
t=0
ˆ
M
|Ricϕgt |
2
gt
µgt −
α
2
d
dt
∣∣∣∣
t=0
ˆ
M
|τgt(ϕ)|2µgt ,
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by plugging the two relations above and using (5.18) we obtain the validity of (5.86).
For m = 4 the above gives
d
dt
∣∣∣∣
t=0
Bϕ(gt) =
ˆ
M
[
RtikjR
ϕ
tk +
1
2
∆Rϕij −
1
6
Sϕij −
1
3
SϕRϕij + α
(
ϕakkϕ
a
ij −R
ϕ
ikϕ
a
kϕ
a
j
)]
hijµ
+
ˆ
M
(
1
12
(Sϕ)2 −
1
12
∆Sϕ −
1
4
|Ricϕ|2 −
α
4
|τ(ϕ)|2
)
δijhijµ
Recalling (2.31), that is,
Bϕij =
1
2
Rϕij,kk +R
t
ikjR
ϕ
tk −
1
6
Sϕij −
1
3
SϕRϕij +
(
(Sϕ)2
12
−
∆Sϕ
12
−
1
4
|Ricϕ|2
)
δij
+ α
(
ϕaijϕ
a
kk −
1
2
Rϕkiϕ
a
kϕ
a
j −
1
2
Rϕkjϕ
a
kϕ
a
i −
1
4
|τ(ϕ)|2δij
)
,
we get
〈Bϕ, h〉 =
[
1
2
∆Rϕij + R
t
ikjR
ϕ
tk −
1
6
Sϕij −
1
3
SϕRϕij +
(
(Sϕ)2
12
−
∆Sϕ
12
−
1
4
|Ricϕ|2
)
δij
]
hij
+ α
(
ϕaijϕ
a
kk −R
ϕ
kiϕ
a
kϕ
a
j −
1
4
|τ(ϕ)|2δij
)
hij .
Then we finally obtain the validity of (5.87).
We are finally ready to give the
Proof (of Theorem 5.78). The proof follows immediately from (5.81) and (5.87). It remains only to
observe that, if ϕ is a submersion a.e. and ϕ-Bach vanishes on M , then ϕ-Bach is is divergence free and
from Remark 2.38 we automatically get that J = 0.
Recall that Corollary 3.44 tell us that ϕ-Bach is a conformal invariant tensor for m = 4. Now we
provide an alternative proof of the conformal invariance of ϕ-Bach, at least when (M, g) is a closed
orientable four dimensional Riemannian manifold.
Proposition 5.94. For m = 4 the functional B is conformal invariant, that is,
Bϕ(g˜) = Bϕ(g), (5.95)
where
g˜ = e−fg, (5.96)
for some smooth function f onM . As a consequence its gradient, that is ϕ-Bach, is a conformal invariant
tensor.
Proof. For m = 4 the functional B is given by
Bϕ(g) =
1
2
ˆ
M
(
1
3
(Sϕg )
2 − |Ricϕg |
2
g − α|τ
g(ϕ)|2
)
µg.
To prove (5.95) it is sufficient to show the validity of
Qϕg˜ = Q
ϕ
g + divg[Pg(f)]µg,
where the 4-form Qϕg is given by, for every Riemannian metric g on M ,
Qϕg :=
(
1
3
(Sϕg )
2 − |Ricϕg |
2
g − α|τ
g(ϕ)|2
)
µg (5.97)
and the vector field Pg(f) is defined as
Pg(f) =
(
Sϕ +∆f −
1
2
|∇f |2
)
∇f − (2Ricϕ +Hess(f))(∇f, ·)♯.
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• For m = 4 (3.22) reads
e−fSϕg˜ = S
ϕ + 3∆f −
3
2
|∇f |2,
hence
e−2f
1
3
(Sϕg˜ )
2 =
1
3
(Sϕ)2 + Sϕ(2∆f − |∇f |2) + 3(∆f)2 +
3
4
|∇f |4 − 3|∇f |2∆f. (5.98)
• For m = 4 (3.21) reads
Ricϕg˜ = Ric
ϕ +Hess(f) +
1
2
df ⊗ df +
1
2
(∆f − |∇f |2)g.
hence
e−2f |Ricϕg˜ |
2
g˜ =|Ric
ϕ|2 + |Hess(f)|2 +
1
4
|∇f |4 + (∆f − |∇f |2)2 + 2Rϕijfij +R
ϕ
ijfifj
+ Sϕ(∆f − |∇f |2) + fijfifj + (∆f − |∇f |
2)∆f +
1
2
(∆f − |∇f |2)|∇f |2,
that is, using the definition of ϕ-Ricci
e−2f |Ricϕg˜ |
2
g˜ =|Ric
ϕ|2 + Sϕ(∆f − |∇f |2) + 2Rϕijfij
+ |Hess(f)|2 +Rijfifj +
3
4
|∇f |4 + 2(∆f)2 −
5
2
|∇f |2∆f + fijfifj − α|dϕ(∇f)|
2.
Using Bochner formula (see, for instance, (1.176) of [AMR])
1
2
∆|∇f |2 = |Hess(f)|2 +Rijfifj + fiijfj ,
from the above we conclude
e−2f |Ricϕg˜ |
2
g˜ =|Ric
ϕ|2 + Sϕ(∆f − |∇f |2) + 2Rϕijfij +
1
2
∆|∇f |2 − fiijfj
+
3
4
|∇f |4 + 2(∆f)2 −
5
2
|∇f |2∆f + fijfifj − α|dϕ(∇f)|
2.
(5.99)
• For m = 4 (3.23) reads
e−fτ g˜(ϕ) = τg(ϕ)− dϕ(∇f),
hence
e−2f |τ g˜(ϕ)|2 = |τ(ϕ)|2 + |dϕ(∇f)|2 − 2τ(ϕ)aϕai fi. (5.100)
• For m = 4 (3.8) with f = 2h gives
e2fµg˜ = µ. (5.101)
Using (5.98), (5.99), (5.100) and (5.101) and also the definition (5.97) we get
Qϕg˜ = Q
ϕ
g +
(
Sϕ∆f + (∆f)2 −
1
2
∆|∇f |2 −
1
2
|∇f |2∆f − 2Rϕijfij + fiijfj − fijfifj + 2ατ(ϕ)
aϕai fi
)
µ.
To conclude notice that, using (2.22),
Rϕijfij = (R
ϕ
ijfi)j −R
ϕ
ij,jfi = (R
ϕ
ijfi)j −
1
2
Sϕj fj + αϕ
a
jjϕ
a
i fi,
Sϕ∆f = (Sϕfj)j − S
ϕ
j fj ,
fiijfj = (∆ffj)j − (∆f)
2,
and, finally,
fijfifj =
1
2
|∇f |2jfj =
(
1
2
|∇f |2fj
)
j
−
1
2
|∇f |2∆f (5.102)
hold and thus
Qϕg˜ = Q
ϕ
g +
(
Sϕfj −
1
2
|∇f |2j − 2R
ϕ
ijfi +∆ffj −
1
2
|∇f |2fj
)
j
µ.
This concludes the proof.
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Remark 5.103. We choose the notation Qϕg in the proof above because when ϕ is constant we recover
the Q-curvature introduced by Branson, see [Br].
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